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PREFACE TO THE FIRST EDITION. 



Of all the celestial bodies whose motions have formed 
the subject of the investigations of astronomers, the Moon 
has always been regarded as that which presents the 
greatest difficulties, on account of the number of inequali- 
ties to which it is subject; but the frequent and Important 
applications of the results render the Lunar Prd^em one 
of the highest interest, and we find that it ha^ccupied 
the attention of the most celebrated astronomers from the 
earliest times. 

Newton's discovery of Universal Gravitation, suggested, 
it Is supposed, by a rough consideration of the motions of 
the moon, led him naturally to examine Its application to 
a more severe explanation of her disturbances; and his 
Eleventh Section Is the first attempt at a theoretical 
investigation of the Lunar inequalities. The results he 
obtained were found to agree very nearly with those de- 
termined by observation, and afforded a remarkable con- 
firmation of the truth of his great principle; but the 
geometrical methods which he had adopted seem inade- 
quate to so complicated a theory, and recourse has been 
had to analysis for a complete determination of the dis- 
torbances, and for a knowledge of the true orbit. 
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VI PREFACE. 

The following pages will, it is hoped, form a proper 
introduction to more recondite works on the subject: the 
difficulties which a person entering upon this study is most 
likely to stumble at, have been dwelt upon at considerable 
length, and though different methods of investigation have 
been employed by different astronomers, the difficulties met 
with are nearly the same, and the principle of successive 
approximation is common to all. In the present work, 
the approximation is carried to the second order of small 
quantities, and this, though far from giving accurate values, 
is amply sufficient for the elucidation of the^ method. 

The differences in the analytical solutions arise from 
the various ways in which the position of the moon may 
be Indiflped by altering the system of coordinates to which 
it is referred,, or again, in the same system, by choosing 
different quantities for independent variables. 

D'Alembert and Clairaut chose for coordinates the pro- 
jection of the radius vector on the plane of the ecliptic and 
the longitude of this projection. To form the differential 
equations,, the true longitude was taken for independent 
variable. 

To determiae the latitude, they, by analogy to Newton's 
method, employed the differential varlfttions of the motion 
of the node and of the incliaatxon of the orbit. 

Laplace^, Damoiseau, Plana, and also Herschel and Airy 
in their more eleme^tary works, have found it more con- 
venient to express the variations of the latitude directly, 
by an equation of the satae^ form as that of the radius 
vector. 
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Lubbock and Font^coulant, taking the same coordinates 
of the moon's position, make the time the independent 
variable ; and when it is desired to carry the approximation 
to a high order, this method oflfers the advantage of not 
requiring any reversion of series. 

Poisson proposed the melhod used in the planetary 
theory, that is, to determine the variation in the elements 
of the moon's orbit, and thence to conclude the corre- 
sponding variations of the radius vector, the longitude, 
and the latitude. 

The selection of the method followed in the present 
work, which is the same as that of Airy, Herschel, &c., 
was made on account of its simplicity : moreover, it is the 
method which has obtained in this university, and it is 
hoped that it may prove of service to the student in his 
reading for the examination for Honours. In furtherance 
of this object, one of the chapters (the sixth) contains the 
physical interpretation of the various important terms in 
the radius vector, latitude, and longitude.* 

The seventh chapter, or Appendix, contains some of the 
most interesting results in the terms of the higher orders, 
among which will be foimd the values of c and g com- 
pletely obtained to the third order. 

The last chapter is a brief historical sketch of the Lunar 
Problem up to the time of Newton, containing an account 
of ths discoveries of the several inequalities and of the 
methods by which they were represented, those only being 

• See the Report of the ** Board of Mathematical Studifts," fet V^^^. 
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mentioned which, as the theory has since verified, were 
real onward steps. The perusal of this chapter will shew 
to what extent we are indebted to our great philosopher; 
at the same time we cannot fail being impressed with 
reverence for the genius and perseverance of the men who 
preceded him, and whose elaborate and multiplied hypo- 
theses were in some measure necessary to the discovery 
of his simple and single law. 

I take this opportunity of acknowledging my obligations 
to several friends, whose valuable suggestions have added 
to the utility of the work. 

HUGH GODFRAY. 

St, John's College, Cambridge, 
April, 1863. 



In the present edition, besides the change of form and 
the incorporation of the figures with the text, which it is 
hoped will render the work more commodious, very few 
alterations have been thought necessary; and, except in 
one or two instances, where additional paragraphs have 
been introduced, nothing but the wording of some of the 
sentences has been altered. 

October, 1869. 
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LUNAR THEORY. 



CHAPTER L 



INTRODUCTION. 



Before proceeding to the consideration of the moon's 
motion, it will be desirable to say a few words on the law 
of attractions, and on the peculiar circumstances which enable 
us to simplify the present investigation. 

1. The law of universal gravitation, as laid down by 
Newton, is that " Every particle in the universe attracts every 
other particle^ with a force varying directly as the mass of the 
attracting particle and inversely as the square of the distance 
between them.^^ 

The truth of this law cannot be established by abstract 
reasoning ; but as it is found that the motions of the heavenly 
bodies, calculated on the assumption of its truth, agree more 
and more closely with the observed motions as our calcu- 
lations are more strictly performed, we have every reason 
to consider the law as an established truth, and to attribute 
any slight discrepancy between the results of calculation and 
observation to instrumental errors, to an incomplete analysis, 
or to our ignorance of the existence of some of the dis- 
turbing causes. 

Of the last cause of deviation there is a remarkable in- 
stance in the recent discovery of the planet Neijteckfc^ tet ^-vsx 
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yith wliich, s 



B of tbe bodies of o 



acquaintance v 

we are indebted to the perturbations ii 
culated places of the planet Uraniia. These perturbationB 
were too great to be attributed wholly to errors of instru- 
ments or of calculation; and therefore, either the law of 
universal gravitation was here at fault, or some unknown 
body was disturbing the path of the planet. This last 
supposition, in the powerful bands of Messrs. Adams and 
Le "Verrier, led to the detection of Neptune by solving 
the difficult inverse problem, viz: — Givea the perturbations 
caused by a body, determine, on the assumption of tbe trutb 
of Newton's law, the orbit and position of tbe disturbing 
body. 

Evidence so strong as ibis forces ns to admit tbe correct- 
ness of the assumption, and we shall now consider how this 
law, combined with tbe laws of motion, will enable us to 
investigate the circumstances of the moon's motion, and to 
assign ber position at any time when observation has fur- 
nished the requisite data. 

2. The problem in its present form would be one of 
extreme, if not insurmountable difficulty, if we had to take 
into account simultaneously the actions of the earth, sun, 
planets, &c. on tbe moon ; but fortunately tbe earth's attrac- 
tion, on account of its proximity, is much greater than the 
dishirh'nffj force of the sun or of any planet;- — these dis- 
turbing forces being so small compared with the absolute 
force of the earth, that the squares and products of the 
effects they produce may be neglected, except i 

■ It bad been a 

being known to be 

t Since the sun 

effocU oa the monn't 

I _T.i ..^ j^ (jjp j^j„g ^ (j,p absolate farce on either body. This will be 

igated in Arts. (H) and (23), 



;n by Dr. Lament at Mnnich, one year before its 
planet. " Solar System, by J. R. Hind." 
ttracta both the earth and moon, it is clear that its 
relatively to the earth or the disturbing forci 



SUPERPOSITION OF SMALL MOTIONS. 3 

cases : and there is a principle, called ike ^^ principle of the 
superposition of small motions," which shows that in such 
a case the disturbing forces may be considered separately, 
and the algebraic sum of the disturbances so obtained will 
be the same as the disturbance due to the simultaneous 
action of all the forces. 



Principle of Superposition of SmaU Moticms. 

3. Let a particle be moving under the action of any 

number of forces some of which ^^ ^^. -^^ 

are very small, and let A be the ^^"'"^^ '^'''^^==^^' 

position of the particle at any ^ 

instant. Let two of these small forces wi^, m^ be omitted, 
and suppose the path of the particle under the action of the 
remaining forces to be AP in any given time* 

Let AP^ be the path which would have been described 
in the same time if m^ also had acted ; AP^ differing very 
slightly from AP^ and PP^ being the disturbance. 
i Similarly, if m^ instead of m^ had acted, suppose AP^ to 
have represented the disturbed path (-4P, -4P,, AP^ are not 
necessarily in the same plane, nor even plane curves), PP^ 
being the disturbance. 

Lastly, let ^ Q be the actual path of the body when both 
m^ and m^ act. Join P^ Q, ^ 

Now, since the path AP^ very nearly coincides with AP^ 
the disturbances P^Q and PP^^ produced in them by the 
action of the same small force w^, will be very nearly parallel ; 
and will differ in magnitude by a quantity which can be 
only a small fraction of either disturbance and which may 
be neglected compared with the original path AP, There- 
fore P^Q is parallel and equal to PP^. 

Hence the projection of the whole disturbance PQ on any 
straight line, being equal to the algebxm%\ wxxo. cii ^^ "^^^- 
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jections of PP^ and P^Q^ will be equal to the algebraical sum 
of the projections of the separate disturbances PP^^ PP^. 

Now if there are three small disturbing forces w^, m^, tw^, 
we may consider the joint action of the two w^, Wg, as one 
small disturbing force ; therefore, by what precedes, the total 
disturbance along any axis will be the sum of the separate 
disturbances of m^ and of the system m^^ m^ ; but this last is 
the sum of the separate disturbances of m^ and Wg : therefore 
the whole disturbance equals the sum of the three separate 
disturbances. 

This reasoning can evidently be extended to any number 
of forces ; and if a;, y, » be the coordinates of the disturbed 
particle, <f> (a?, ^, z) any function of x^y^z\ the disturbance 
produced in ^ (a;, y, z) will be 

H (aJj 2^' ^) = ^ ^^ + ^ ^2^ + ^ ^^' omitting {hx)% &c., 

where Sa;=8ajj+8a;j+...= sum of disturbances along axis of aj 

due to separate forces, 

^y=Syi+%2+*-= • ^ong axis of y, 

S«=S«j+&j+...= along axis of a; 

therefore 8^ (a;, y, z) =g ^^i + ^ ^^^^"^"^ ^^» 

or total disturbance equals sum of separate disturbances, 
which establishes the principle. 

4. Since <f> (a?, y, z) may be the radius vector, or the lati- 
tude or longitude of the disturbed body, it follows that the 
total disturbance in any of these elements is the mm of the 
partial disturbances. 
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i Therefore in detenmning the motion of a secondary rela^ 

! tive to its primaiy, as in the present case of the inoon abont 

! the earth, where die disturbing effecta produced by the aun 

I and planets are small, we may consider them one at a time, 

j uid hence the famous problem of the Three Bodies. 
j The planets being small and distant, their effect on the 

I motion of the moon will not be of snfScient intensity to affect 

, the order of approximation to which it is intended to carry 

: the solution in the following pages, and our problem is re- 

I dnced to the consideration of the three bodies, the sun, earth, 

I and moon, acting on one another according to the law of 

I universal gravitation. 

5. But we must still prove another proposition, without 
; which the problem would scarcely, though reduced to three 
j bodies, be less complicated than in its most general form. 

Newton's law refers to particksy whereas the sun, earth, 
and mooQ are large spherical bodies, and it becomes neces- 
i sary to examine tiie mutual action of such bodies. Now, it 
! happens that with this law of force, the attraction of one 
I sphere on another Can be correctly obtamed, and leaves the 
I question in exactly the same state as if they were particles, 
j (iViVict^. lib. I. prop. 75.) 

I Attractuma of Spherical Bodies. 

I 6. Let P be a particle situated at a distance 0P= a from 
I the centre of a uniform attracts 

bg sphere whose density is p and 
I radius OA=c. a>c, the particle 

being without the sphere. j 

Let the whole sphere be divi- 
I ded into circular lamince by planes 
I perpendicular to OP. Let 8Q be 
I one of these, FS = a!, PQ = z^ and rtiVtfcae&ft Q^^»sa^»»■='^'*• 
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Next, let this lamina be divided into concentric rings. 
Let B8=r be the radios of one of these rings and Sr its 
breadth, lRPO^O] 

therefore r=^x tan 6^ 

The attraction of an element B of this ring on the particle 

P ,U1 be ^???4|^t aloBg FB, and the resolved pa^ 

**!,• 1 j>n -111. mass of element „ 

of this long FO will be 5 j^ cosp. 

•2/ sec " 

But the resultant attraction of the whole ring will clearly 

be the sum of the resolved parts along PO of the attractions 

of its constituent elements ; therefore, 

attraction of ring = J^ ' a'/i cos^ = 27rp sin^Saj.S^; 



a? sec*^ 



X 



/•COS""* i 

therefore, attraction of whole lamina 8Q=^2'irpBx I Qmd,dd 

Jo 

= 2'n'pSx(l — J . 

Again, «* = aj* + c*— (a — ir)* = 2aa?— (a* — c*); 
therefore zSz = aSxy 

and attraction of lamina = 27rp ( —^ Sz) ; 

.'. attraction of whole sphere = 27rp •!- t-« — ^^ — ^ ^ ^ }• 

(from « = a-c to « = a + c) 



_^ 47rpc 
M 



a 



a»^ 



where ilf = mass of sphere = / 
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Hence, ike attraction of the whole apheire is precisely the 
same as if the whole mass were condensed into its centre. 

Cob. 1. The attraction of a shell radius = c and thickness 
he will be obtained from the preceding expression by diffe- 
rentiating it with respect to o, and is 

^^ ,. ^ , „ 47rpc'. he mass of shell 

attraction of shell = — ^-5 — = « . 

a a 

Cor. 2. Therefore, the attraction of a heterogeneous sphere 
on an external particle will he the same as if the whole mass 
were condensed into its centre^ provided the density be the same 
at all points equally distant from the centre^ for then the 
whole sphere may be considered as the aggregate of an 
infinite number of uniform shells, and by Cor. 1, each acts 
as if condensed into its centre. 

7. Let us now consider the case of one sphere attract- 
ing another. Suppose P in the preceding article to be an 
elementary particle of a sphere Jf ', whose centre (7 suppose 
at a distance a &om 0. Then, since action and reaction 
are equal and opposite, P will attract the whole sphere M 
just as it would do a particle of mass M placed at ; the 
same is true of all the elementary particles which compose 
the sphere Jf ', therefore the sphere M' will attract the sphere 
M as if the whole mass of the latter were condensed into its 
centre 0: but the attraction of the sphere M' on a particle 
is the same as if the attracting sphere were condensed into 
its centre 0' ; therefore. 

Two spheres attract one another as if the whole matter of 
each sphere were collected at its centre, 

8. This remarkable result, which, as may be shewn, holds 
only when the law of attraction is that of the inverse square 
of the distance, or that of the dvt^c\. ^^\a.\i^^^ <3t ^ ^^-o^- 
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bination of these by addition or Biibtraction, reduces the 
problem of the sun, earth, and moon to that of three par- 
ticles; — ^the slight error due to the bodies not being perfect 
spheres will here be neglected, being of an order higher 
than that to which we intend to carry the present investi- 
gation: the error however, though very small, is appre- 
ciable, and if a nearer approximation were required, it would 
be necessary to have regard to this circumstance. (See 
Appendix, Art lOO,) 
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CHAPTEE n. 

MOTION KELATIVE TO THE EARTH. 

9. When a number of particles are in motion mider their 
mutual attractions or other forces, and the motion relatively 
to one of them is required, we must bring that one to rest, 
and then keep it at rest without altering the relative motions 
of the others with respect to it. 

Now, firstly, the chosen particle will be brought to rest 
by giving it at any instant a velocity equal and opposite to 
that which it has at that instant; secondly, it will be kept 
at rest by applying to it accelerating forces equal and op- 
posite to those which act upon it. 

Therefore give the same velocity and apply the same 
acceleratioig forces to all the bodies of the system, and the 
absolute motions about the chosen body, which is now at rest, 
will be the same as their relative motions previously. 



Problem of Two Bodies. 

10. As the sun disturbs the moon's motion with respect 
to the earth, it is important to know what that motion would 
have been if no disturbance had existed, or generally : — 

Two bodies attracting one another with forces varying 
diredHy as the mass and inversely as the square of the dis" 
tanccj to determine the orbit of ifM, relatieeli) to tk^ o\\i«t . 
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Let M^ M* be the masses of the bodies, r the distance 
between them at any tune t^ M being the body whose 
motion relatively to M is required. 

The accelerating force oiMouM equals -j acting towards 

Jf, while that of M' on Jf equals —5- in the opposite direction. 

Therefore, by the principle above stated, we must apply to 

both Jf and M accelerating forces equal and opposite to this 

latter force, and M will move about Jf fixed, the accelerating 

Jf + M' 1 

force on M' being — -^ — = /aw*, if /a = Jlf + Jf' and r = - . 

Hence, _ + „ = _=_, 

where A = r* -7- = twice the area described in a unit of time, 

at 



u = ^{l + ecoB{0 - a)}, 



e and a being constants to be determined by the circumstances 
of the motion at any given time. 

This is the equation to a conic section referred to its 

focus, the eccentricity being 6, the semi-latus rectum — , and 

the angle made by the apse line with the prime radius a. 

In the relative motion of the moon, or in that of the sun 
about the earth, the orbit would, as observation informs us, 
be an ellipse with small eccentricity, that of the moon being 
itbout -jjj and that of the sun ^. 

11. The angle ff — a between the radius vector and the 
apse line is called the trtie anomaly. 

K w is the angular velocity of a radius vector which 
moving uniformly would accomplish its revolution in the same 
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time as ike trae one, both passing throngli the apse at the 
same instant, then nt+Q — a is called the Tnean anomaly^ 8 
being a constant depending on the instant when the body 
is at the apse, its value beins: also equal to the anccle be- 
„«» «,, Ue "^ «.a'«.e J,™ly ,». Jg one 
when ^=0. 

Thus, if MT be the fixed line or prime radius, 
A the apse, 
Jf ' the moving body 
at time tj 

Mfi the uniformly re- 
volving radius at same time, the 
direction of motion being repre- 
sented by the arrow. 

Let MD be the position of Mfi 
when * = 0, 

then TMD = e and is called the epoch,* 

DM/A = ntj 

TMA = a = longitude of the apse ; 

therefore, mean anomaly = AMfi = n^ + e — a, 

true anomaly :=^AMM'=^rMM'-'TMA=^e-a. 

12. To express the mean anomaly in terms of the true in 
a aeries ascending according to the powers of e, as far as e^. 

27r ^2 area . 

w= — . ,. ^. — =27rH 7 — 

periodic time h 

2irh h 




2irab'^ a^^J[\''e^) 



%\ 7 



* The introduction of the epoch is avoided in the Lunar theory by 
a particular assumption (Art. 34) ; but in the Planetary it forms one of 
the elements of the orbit. 
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therefore A = na* (1 - e*)^, 

dt ^7^ ^ a^[l-^^ 1 

de h h •{H-ecos(^-a)}* 

* 

»l(l_e')*{n-ecos(^-a)P 

= -(1 -f€') {1 -2e cos(^-a) + 3e' cos*(5- a)} 

== - (1-26 coB(^-a) H- fe' cos2 (^-a)} ; 
ft 

therefore w« + e = ^ - 2e sin (^ - a) + f e^ 8m2 (^ - a), 
or (n« + e-a) = (^-a)-2esui(^-a) + fe*sm2(^-a), 
the required relation. 

13. To confess the true anomaly in terma of the mean to 
the same order of approocimation, 

^- a=: w« + s - a + 26 sin(^- a) - fe* 8in2 (^- a) ....(1) ; 

.•. ^ — a = n^ + e - a first approximation. 

Substituting this In the first small terms of (1), we get 

^- a = w^ + 8 — a+ 2e 8in(n«+e— a)...a second approximation* 

Substitute the second approximation in that small term 
of (1) which is multiplied by e, and the first appr<^ima;tion 
in that multiplied by 6^; the result will be correct to tbat 
term, and gives 

^ — a = w<+e — a+26 sin{n< + e — a + 2e Bin(n« + e — a)} 

— |e* sin2 (?i^+8 — a) 

= n^ + 8 — a + 2e sin(n< + 8- a) 

+ 4e" cos(w* + e — a) sin(w^ + e — a) — f e* sin2 (n?+ 1— d) 

= w^+e — a + 2e sin(n< + e — a) + f€* sin2 (w^+e — a), 

6 required relation. 
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The development could be carried on by the same process 
to any power of e, the coefficient of ^ would be found 

}| sin 3 (ii^ + e — a) — J sin (w^ + 8 - a) ) , 

but in what follows we shall not require anything beyond e*. • 

Problem of Three Bodies. 

14. In order to fix the position of the moon with respect 
to the centre of the earth, which, by means of the process 
described in Art. (9), is reduced to and kept at rest, we must 
have some determinate invariable plane passing through the 
earth's centre to which the motion may be referred. 

The plane which passes through the earth's centre and 
the direction of the sun's motion at any instant is called the 
true ecliptic; and, as a first rough result of calculation, ob- 
tained on supposition of the sun and earth being the only 
bodies in the universe, this plane, in which, according to the 
last section, an elliptic orbit would be described, is a fixed 
plane: but this is no longer the casc^ when we take into 
account the disturbances produced by the moon and planets, 
and it becomes necessary to substitute some other plane of 
«tae.ce ^»ted V^ «**»«». 

Theory teaches us that such a plane exbts,* but as its 

* See Poinaot^ ** Thiorie et dHerminatwn^ de V Squateur du aysUme aolaire,*' 
"where he proves that an invariable plane exists for the solar system, that 
is, a plane whose position relatively to the fixed stars will always be the 
same whatever changes the orbits of the planets may experience ; but as 
its position depends on the moments of inertia of the sun, planets, and 
satellites, and therefore on their internal conformation, it cannot be deter- 
mined d priori, and ages must elapse before observation can furnish suffi- 
cient data for doing so d posteriori. 

This result Poinsot obtains on the supposition that the solar system is 
a free system ; but it is possible, as he furthermore remarks, nay probable, 
that the stars exert some action upon it, it follows that this invarictble plane 
may itself be variable, though the change must, according to our ideas of 
time and space, be indefinitely slow and smsdl. 
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detenmnation can only be the work of time, the foOowing 
theorem will snpply ns with a plane whose motion is ex- 
tremely slow, and it may for a long period and to a degree 
of approximation far beyond that to whidi we shall carry 
our investigations, be considered as fixed and coindding with 
its position at present. 

15. The centre of gravity of the earth and moon describes 
relativdy to the sun an orbit very nearly in one plane and 
elliptic; the square of the ratio of the distances of the moon 
and sun from the earth being neglected.* 




Let 8^ E^ M be the centres of the sun, earth, and moon, 
O the centre of gravity of the last two. Now the motion 
of O is the same as if the whole mass E+M were collected 
there and acted on by forces equal and parallel to the moving 
forces which act on J^ and M. The whole force on 6^ is 
therefore in the plane 8EM] join 8G. 

Let Z 8QM^ 0), and let m' be the sun's absolute force. 
Moving force on -B=-^^ in E8^ 

moving force on Jf = "oT/tT "^ ^8. 



* Thii ratio ii about xh^ and, as we shall see Art. (21), such a quantity 
wo shall consider as of the 2nd order of smaU quantities, and its square 
therefore of the 4th order. Our investigations are carried to the 2nd 
order only. 



PLANE OF BEFEBENCE. 15 

These* applied to G parallel to themselves are equi- 
valent to 

ni.E.GE m'.M.aM. ,. ,. „,. 
— W^ SM" "* direction QM, 

, m'.E.SG m'.M.Sa ^„ 

*°^ -m- + -^M^ ^^ 

Bnt SE'=^8GP + GE' + i.8a.aE coaa, 

8M* =SCP + OM*- 2 . Sa. GM cos ©. 

,3 11 i.GE 

Hence -g^ = -_- -^^ co8« 



„ .2 

• • a • 



, .^ (EM\ 

1 1 B.GM ]''^'^[-m) 

COSO) 



Now E.OE=M.OM={M+E) ^^^ . Therefore the 

acceleratmg force in the direction OM 
Sm'.OM.GE 

= -^gi COStt) 

= — 3 (accelerating force of snn on G) -^^ . -^^ cos© 

= according to the standard of approximation adopted. 

Hence the only force on ^ is a central force tending 
to 8j and therefore the motion of O will be in one 
plane. 



* In strictness it would be necessary, since we have brought S to 
rest, to apply to both 3f and Et and therefore to G, accelerating forces 
equal and opposite to those which E and M themselyes exert on S; 
but the mass of S is so large compared with those of E and M^ that 
we may safely neglect these forces in this approximate determination 
of the path of 0, the error being of a still higher order than that introduced 

by the neglect o^ ( "oq ) • 
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Again, the aoceleratJng force In &8 

m'Sa j E+M JjE.aE-M.GM) \ 
~ M+E\8<P ^S* '^"l 

^^tothesameappro^tion. 

Therefore the orbit of Q about 8 is very approzimatelj 
an ellipse with 8 in the focus, and the plane of this ellipse 
is, as far as our investigations are concerned, a fixed plane 
when 8 is fixed. 

This fixed plane is called the plane of the ecUpHoj or 
simply the ecliptic. 

16. A plane through the earth's centre parallel to the 
ecliptic will be the plane of reference we require (14) and 
will become a fixed plane when we bring the earth's centre 
to rest, the ecliptic then making small monthly oscillations 
from one side to the other of our fixed plane. 

17. The sun will have a latitude always of the same 
name as that of the moon, and deducible from it, when 



E8^ EMj and the ratio of the masses of the earth and 
moon are known. For if 8* EM* be this fixed plane through 
E^ and 8\ G\ M\ the projections of /S, G^ Jf, 

then, sin (sun's lat.) 

.„ xyiTA?' ^^' ^^' EG. mi (moon's Ut.) 
= .m8E8^^^ = ^ ^_ 1 

M EM . . , . ^ 
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Now, from observation it is known that M is about ^ of E^ 

aadjEaf ^^^j^oiES'^ 

11 /. . / » 1 x\ sin (moon's lat.) , 

therefore smfsmi s lat.) = — ^ ^^.^^ nearly. 

^ ' • 32400 ^ 

Ind as the moon's latitude never e:^ceeds 5** 9', the sun's 
ititude will always be less than 1". 

Again, with respect to the sun's longitude: let ET be 
he direction of the first point of Aries, — that is, a fixed 
ine in our plane of reference from which the longitudes of 
h.e bodies are reckoned. TES' = 0' the sun's longitude. 

The difference in the sun's longitude, as seen from E 
>r from (y, will be the angle E8'0\ 

smE8' O' = -^™ sin© = ooTjSS approximately, if EG' 8' = « ; 

therefore siaE8'G' never exceeds ^^J^^, 

therefore E8*G' is a small angle not exceeding 7". 

Also E8' --8'G'< EG < j^{j^jj 8' G\ 

Now, by assuming the longitude and distance of the 
ran as seen from jS to be the same as when seen from 
G^ we commit the above small errors in the position of 
iS^; that is, we assume the sun to be at 8" instead of 8^ 
8' 8" being drawn equal and parallel to G'E. K our object 
were the determination of the sun's position, it would be 
uecessary to take this into account; but the consequent 
small errors introduced in the disturbance of the moon will 
clearly, on account of the great distance of the sun, be of 
a far higher order, and may therefore be neglected. 

18» Hence we may assume that the motion of the sun 
about the earth at rest is an ellipse having the earth for 
its focus, and its equation 

t,' = a' {1+e' cos (e'-?^\, 
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and we are safe that no appreciable error wiU ensue in the 
determination of the moon's place.* 



* That is, as far as the three bodies alone are concerned ; — but, since 
the attractions of the planets may, and in fact do, disturb the elliptic 
orbit of the sun about G, the same cause will disturb the tusumed orbit 
about E, A remarkable result of this disturbance is noticed in Appendix, 
Art. (99). 



( 19 ) 




CHAPTER m. 

aOOBOUS DIFFEBENTIAL EQUATIONS OF THE MOON'S MOTION 
*AND AFFBOXIMATE EXPBESSIONS OF THE FOBCES. 

19. The earth having been reduced to rest by the process 
lescribed in Art. (9), its centre may 
3e taken as origin of coordinates, the 
ixed plane of reference as plane of xy 
md the line ET as axis of x, ^ 

Let r, Q be the coordinates of the projection M of the 
[noon on the plane xy^ s the tangent of the moon's latitude 
MEM', Also let the accelerating forces which act on the 
noon be resolved into these three: 

P parallel to the projected radius M'E and towards the earth, 
7^ parallel to the plane xy^ perpendicular to P and in the 

direction of increasing^ 
S perpendicular to the fixed plane and towards it. 

de^ r ^ r' 






de r 

d^y d^x rn 

whence ^^"2'^ = ^^' 

d^x d\ yj 

IsO -j7i «= — 5. 



de 
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And introducing polar coordinates, these equations become 

d ( » dd 



d f ^d0\ 
dt\ dtj" 



Tr (i), 

rfv (de\' p .... 

^^ = -S (iii). 

20. These three equations for determining the moon's 
motion take the time t for independent variable, but it will |] 
be more convenient in the following process to consider the 
longitude as such, and our next step will be to change the 
independent variable from t to 0. 

From (i) we get 

^dd d(^d0\^j,^,d0^ 
dt dt \ dt) dt ' 

therefore {t" ^V = A^ + 2 {Tr'dd, 

= jBP suppose, whence E. -^ = 2V'. 

du 

Therefore ^r = t = -Sm", if w = - , 

dt r* ' r' 

dt 1 1 .. 



^^V^-^'k^^') 



. . dr dr dd Trdu 

^r d ( „du\ . d (TrduS 

W^dt[-^d0r-^''de[^Te)- 

Substitute in (ii), 

therefore Su' ^ (■& J) + -B'"' = -P, 



/ 
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and writing for E^ and for H -^ tbeir values A* + 2 |-j dd 

T 
and -g the equation becomes 

+«= -rm — l^- 



<i^ 



i + ^/av^^ 



This is called the differential equation of the moorCs radius 
vector. 
Lastly^ 

^ "^ W d ^'le^de d0\_d ijjf da du\\ 

"^ — W'Jty 7 ' dt) "dtcvde^^de)] 

-rn ^f d!^8 d^u\ rrdlL o f ds du\ 



d^u \ -^dH „ du 

us -=7.; 



from (A), P$ = Wr^{s-^ + usYH^^„.^g, 

therefore i%-/S=fl*tt'(^ + ») + 5"^tt»^; 

■R»-/g r ds 
therefore Ta + «= .w (7)- 

This is the differential equation of the moorCs latitude. 
If the three equations (a), ()8), (7) could be integrated 
under these general forms, then, since they are perfectly 
rigorous, the problem of the moon's motion would be com- 
pletely solved; for as only four variables w, 5, s, and t are 
involved (the accelerating forces P, jT, and 8 are functions 
of ihese), the values of three of them, as u, fl^ s^ cwiii Vs^ 



vmut •nwMT. 

B of the fourth ( ; that is, the radius vector, 
twifinHlvt umI Utitudo woatd be knovn corresponding to 

^k. ttut Uw intv^xation haa nerer yet been effected, 

•Hvwfffc I'lM' (UiiitCttliu' vftluea of P, T, and S; and the method 

«luih WW lu'v lu tjuuMhiuence ton?ed to adopt, is that of 

nii"xiuu*tiuii, hv which the values of u, 0, and? 

1 k 4t»riois tiw tenns proceeding according lo 

> !■* lit' -wiall fractions, some one being chosen 

h which all others are compfired, and tbe 

[ ilw' i*|i^vJviuitttiou i» esteemed by the highest power 

41 >ri^>tiotM ntttkiuvd. 

il tv wuu'^ jS "^ ^ small fraction of the first order, 

VtwaihtWMLlj' Its'** sS^ i4o»* second 

aaSa* tbu^ 

tt<,>t: IkwrtMtaA bwt^ c<Htstdend as of the 1st, 
', ttriWfdtWK as the^ xmxv nearly coincide wilii 

ItMi ^ Ut ww'iW'Mg tiMKftnv be&n V7 can approximate 

V \ll» tKi^i *v -tWttbi h»w» » peevwiB knowledge (a rougb 

I., uk) v>C lfe» v«JkMft *rf sant ot the qnantitles 

X lUVvoiiitpiJUMiftk wid ftr Ae knonrledge we 

tiv\li OKAvlfWv «oeiili» » *•» *» Sittowmg reauhs 
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(2) The sun's distance from the earth is about 400 times 
la great as the moon's distance. 

Hence the ratio of the mean distances = ^^^ is of the 
second order.* 

(3) The eccentricity e' of the elliptic orbit which the 
ina approximately describes about the earth is about ^, 
Buid this, approaching nearer in value to ^ than to ^^^, 
will 1)e considered as of the 1st order. 

(4) During one revolution, the moon moves pretty ac^ 
curately in a plane inclined to the plane of the ecliptic at 
an angle whose tangent is about 3^, and therefore of the 
1st order.t 

(5) Its orbit in this plane is very nearly an ellipse having 
the centre of the earth in its focus, and whose eccentricity is 
about equal to om* standard of small fractions of the 1st order, 
viz. ^ ; and this will abo be very nearly true of the projec- 
tion of the orbit on the plane of the ecliptic.^ 



* The distances of the lummaries may be calculated from their hori- 
zontal paraUaxes, found by observations made at remote geographical 
stations. 

t That the moon's orbit during one revolution is very nearly a plane 
inclined as we have stated, will be found by noting her position day after 
day among the fixed stars; and the sun's path having previously been 
ascertained in a similar way, the rules of Spherical Trigonometry will 
easily enable us to verify both statements. 

{ The elliptic nature and value of the eccentricity of the moon's orbit 
may be found by daily observation of her parallax, whence her distance 
from the earth's centre may be determined : corresponding observations of 
her place in the heavens being taken, and corrected for parallax to reduce 
them to the earth's centre, will determine her angular motion. Lines 
proportional to- the distances being then drawn from a point in the proper 
directions, the extremities mark out the form of the moon's orbit. 

A similar method applied to observations of the diameter of the sun 
veill determine the eccentricity of its orbit. 
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To calculate the values ofPy T, 8. 

23. We are now in possession of the data requisite for 
beginning bur approximations, and we shall proceed to the 
determination of tiie values of P, Tj and 8 in terms of the 
coordinates of the positions of the snn and moon. 

Let 8 J Ej M be the centres of the son, earth, and moon, 



or 

m\ Ej M their masses, 

E'^ M\ the projections on the plane of the ecliptic, 

G the centre of gravity of E and Jf, 

MOM = tan"*« = moon's latitude, 

E'T the direction of the first point of Aries, 

^Gf = r' = A; ilT^'/S=fl' = longitude of sun, 

M'E' =^T^-^^ L TE'M = 5 = longitude of moon, 

/. 8EM' = 6—0' = diflTerence of longitude of sun and moon. 

The forces we have to take into account are, according 
to Art. (9), the forces which act directly on if, and forces 
equal and opposite to those which act on E] — ^these last 
being applied to the whole system so that E may be a 
fixed point. 

Attraction of 8 upon M= -^tts ^ ^^j equivalent to 

^ -g^ mJfG^, 

W -^^ paraQelto 08\ 
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E 
attraction of -B upon if=-jj=^ in ifiF; 

^ m' . ^« 
attraction of ^npon^=^m^^, equivalent to 

«i -^j^ VClJOjU^^ 

ml -^^ parallel to Q8] 

M 
attraction of Jf upon E=^jr^ in^if. 

Therefore, the whole attraction upon M^ when E is 
brought to rest, is 

E+M ,fMO EG\. ,,^ 

a^d mV \-g^ - ^g^j parallel to (y^. 

These expressions of the accelerating forces on M are 
rigorous, and can be expressed in terms of the masses and 
coordinates of the bodies ; but since our investigations will 
be carried only to the second order, it will be sufficient if, 
in the preceding, we neglect small quantities of the fourth 
and higher orders. 

Now, iSaf" = ia3f'« + JIOf'* 

= /»(?» + QM'^ - 280. OM' cos SOiT + MW^ 



= r'*(l- 



„ GM' ^^,,, . GiP\ 



therefore ^^ = /^ |l +—7- cos {0 - «') i ; 

for d-^ff or 8EM' differs from 80^ by less thm 7", 

Art (17), and f — r ) is neglected, being of the fourth order, 
Art. (22). 
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«, die accelerating forces 00 die moon are m- 

^ + ^(MG + GE} in direction JflP, 

^ (<7Jf'+ <7J?^ co«(d-^) parallel to G8, 

- '^ -, + TT - -gpr {1 + C082 (d - <?>)} 






7^(1 +»») 

r* - ^ if^' co8(d - ff) Bin (^ - ^) 
»_A!!^Bin2(d-^) 



V(i+«') 



«»'«'•» 



M ' 



«tV*« 



The diflferential equations in Art. (20), when these 

of the forces are substituted in them, would contain 

variable fl', but we shall find means to establish a 

Ion between «, B^ and d\ which will enable us to eli- 

it. 

Y will, however, be still incapable of solution except 
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"by saccesslve approximation ; but before proceeding to this, 
it wiU be Important to consider the order of the disturUng 
effect of the sun's action, compared with the direct action 
of the earth. Now, if we examine the values of P, T, and 
8^ it will be found that the most important of the terms 
containing W, which are clearly the disturbing forces since 

they depend upon the sun, are involved in the form —^ , 

while those independent of the sun's action enter in the 

form -| • 

T 

We must therefore find the order of —73- compared with ^ , 

orof -^ 5. 

T T 

Now the orUts being nearly circular, and m the ratio 
of the mean motions. Art. (22), we have 

mean motion of sun periodic time of moon 

Ijpf^ ST ■ ^S = 

mean motion of moon periodic time of sun 

therefore -7a:^::m*:l, 

or the disturbing force of the sun is of the second order 
when compared with the dbect action of the earth. 
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CHAPTER IV. 



INTEGRATION OF THE DIFFERENTIAL EQUATIONS. 



Section I. 

Oefneral process described. 

25. The differential equations which we have obtained 
are, as abeady stated, incapable of solution in their general 
forms; and even when P, T^ &c, have been replaced by 
their values, the integration cannot be effected, and we 
must proceed by successive approximation. 

Firstly, neglect the disturbing force of the sun which 
is of the second order, and also the moon's latitude, which, 
as will be seen by referring to the expressions for the 
forces (23), will either enter to the second power or else 
in combination with the disturbing force. 

When this is done the equations become integrable, and 
values of u and s may be obtained in terms of correct to 
the same order of approximation as the differential equations 
themselves, that is, to the first order ; this value of u will 
then enable us to get the connexion between 6 and t to 
the same order. 

[Let us, however, bear in mind that the equations thus integrated 
are not the differential equations of the moon's motions, but only 
approximate forms of them; and it is, therefore, possible that the 
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results obtained may not be even approximate forms of the true 
solutions. 

Whether they are so or not, can only appear by comparing them 
"with what we already know of the mo^on from observation, and this 
previous knowledge, in the event of their not being approximations, will 
probably suggest such modifications of them as will render them so.] 

The integration of the equations (a), (^), (7) can be per- 
formed when the second members are circular Amotions of 
$1 and as the first approximation will give us the values 
of u and s in that form, these values when admissible will, 
if carried into the expressions for the forces, also express 
these as functions of 0y and we can proceed to a higher 
approximation. 

The new approximate values of P, T, 8 are then made 
use of to reduce the second members of the differential 
equations to functions of d, retaining those terms of the 
expressions which are of the second order. 

The equations are again integrable, and this being done, 
the values of Uj «, t will be obtained correctly to the second 
order. These values introduced in the same manner in the 
second members, and terms of the next higher order re- 
tained, will lead to a third approximation, and so on, to 
any order; except that if we wish to cany it on beyond 
the third, the approximate values of the forces, given in 
Art. (23), would no longer be sufficiently exact. 

26. There is, however, a peculiarity in these equations, 
when solved by this process, which we must notice. We 
have said that to obtain ihe values to any order, all terms 
up to that order must be retained in the second members: 
but it may happen that a term of an order beyond that 
to which we are working would, if retained, be so altered 
by the integration as to come within the proposed order. 

Such terms must therefore not be rejected, and we shall 
proceed to examine by what means they ms^-y Vi^x^^ift^saafc^. 



30 LUNAB THBOEY. 

27. Suppose then that afker an approximation to a certain 
order, the substitutions for the next step have brought the 
equation in. u to the form 

^a+w= + Gco&{p0+H) + , 

where the coefficient G is one order beyond that which we 
intend to retain. The solution of this equation will be of 
the form 

u = + G' cos{p0 + E) + , 

G' being a constant to be determined by putting this value 
of 1^ in the differential equation, 

whence G' = « , 

1 -/ 

from which we learn that if ^ differs very little from 1, G' 
will be at least one order hwer than Gj and will come 
within our proposed approximation, and consequently the 
term G cos[j>0 -{- H) must be retained in the differential 
equation. 

The equation of the moon's latitude being of the same 
form as that of the radius vector, the same remarks apply 
to it. 

28. Again, in finding the connexion between the longi- 
tude and the time (one of the priiicipal objects of the Theory), 
we must use equation (a), Art. (20), 

dt 1 

Now, having developed the second member and substituted 
for u^ &c. their values in terms of ^, let it become 

^= + gcos(jfl + i?)+ ; 



/; 
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hence, t- + ~ sm(j^ + jR)+ 

Therefore, when q is of the first order, — will be one order 

loioer than Q, and the term will have risen in importance by 
the integration. 

But yet further, if such terms occur in -^, they will be 

u 

twice increased in value; for they increase once in fonmng 

•j^. de, and once again, as above, in finding . 

T 

Since such terms occur in the development of -5, and also 

J. 
of -53 , on account of their previously being found in w, we 

must examine how they appear in the differential equation 

that gives u^ that we may recognise and retain them at the 

outset. Now, by referring to the last article, we see that when 

p is very small O and O' will be of the same order ; and in 

1 T 
-5 , -5 the order of the term will still be the same. 



29. We have, therefore, the following rule : 

In approximating to any given order ^ we must^ in the diffe- 
rential equations for u and s, retain periodical terms ONE 
OBDEB beyond the proposed 'one^ when the coefficient of in 
their argumentf^ is nearly equal to 1 or 0; and terms in which 
the coefficient of the argument is nearly eqtuzl to 0, mttst be 
retained TWO OBDEBS beycmd the proposed approodmation when 

T 

they occur in ^j-^ . 



* The angle of a periodical tenn i& its only yariable part and is called 
the argument. 
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If we wished to obtain u only and not f , there would be 
no necessitj for retaining those terms of a more adyanced 
order in which the coefficient of nearly equals 0. 



Section II. 

To solve the Eguations to the first order. 

30. We shall in this first step neglect the terms which 
depend on the disturbing force, Le, those terms which con- 
tain m', for we have seen, Art. (24), that such terms will be 
of the second order. 

The differential equations may be written under the more 
convenient form 

d^ P T du ^ (d^u 

dO" 



P T du ^(d:'u^ \f^M fa^\ 



d's Ps-8 T ds ^(d^s 



-KS+*)/^^^-('y')- 



The latitude s of the moon can never exceed the inclina- 
tion of the orbit to the ecliptic ; but this inclination is of the 
first order, therefore s is at least of the first order and a* may 
be neglected. • 

Therefore, from Art. (23), 

and the differential equations become 
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whence t«=:|^{l + e cos(d — a)}, or, writing a for ^, 

u=a{l + ecos{0-a)} (0^), 

aind 8 = ksm{0 — y) {8^), 

e^ ^9 ^9 7 being the four constants introduced by mtegration. 

31. These results are in perfect agreement with what 
rough observations had abready taught us concerning the 
moon's motion Art. (22) ; for 

u = a{l + e cos(^ — a)} 

represents motion in an ellipse about the earth as focus. 

Again, s^k sin{0 — y) indicates motion in a plane in- 
clined to the ecliptic at an angle tan'^A;. 
For, i£rOM' be the ecliptic, 

M the moon's place, 
MM' an arc perpen- 
dicular to the ecliptic, ^ 

then TM'^e; ^ 

and if TO be taken equal to 7, and OM joined by an arc of 
great circle, we have 

sin OW = tan JIf Jf' cotMOM' ; 

or sin (^ - 7) = 5 cot MOM\ 

which, compared with the equation above, shews that 

MOM'=^tBJi-'h 

Therefore, the moon is in a plane passing through a fixed 
point and making a constant angle with the ecliptic; on 
the moon moves in a plane. 

32. What the equations can not teach us, however, and 
for which we must have recourse to o\xx o\i^^r^^>L\Qrw5»^\$.'^^ 
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approximate magnitude of the quantities e arid Tc, By re- 
ferring to Art. (22), we see that e is about ^ and k about 
3^, that is, both these quantities are of the first order. Their 
exact values cannot yet be obtained : the means of doing so 
from multiplied observations will be indicated further on. 

The values of a and 7 introduced in the above solutions 
are respectively the longitude of the apse and of the node. 

33. Lastly, to find the connexion between t and d, the 
equation (a) becomes, making r=0, 

dt _J^_J. 1 

de^ hu^^ M {l + ecos(5-a)}'' 

Now this is the very same equation that we had connecting 
t and Q in the problem of two bodies^ Art. (12), as we ought 
to expect, since we have ^neglected the sun's action. There- 
fore, if J? be the moon's mean angular velocity, we should, 
following the same process as in the article referred to, 
arrive at the result 

0=j)t + s + 2e sin (^f + 8 — a) + f e' sin2 {pt + B — a) + , 



which is correct only to the first order, since we have re- 
jected some terms of the second order by neglecting the 
disturbing force. 

34. The arbitrary constant s, introduced in the process 
of integration, can be got rid of by a proper assumption: 
this assumption is, that the time t is reckoned from the 
instant when the wean value of is zero.* 



* When a function of a variable contains periodical terms which go 
through all their changes positive and negative as the variable increases 
continuously, the mean value of the function is the part which is inde- 
ent of the periodical terms. 
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For, since the mean value of 0^ found by rejecting the 
periodical terms, is pt + ^] if, when this vanishes, ^=0, we 
must have e = ; therefore 

e=pt + 2e%\n[pt-0L) 0^, 

correct to the first order.* 

35. We have now obtained three results, U^^ ySj, 0j, 
as solutions to the first order of our differential equations, 
and we must employ them to obtain the next approximate 
solutions: but before U^ and 8^ can be so employed they 
must be slightly modified, m such a manner however as 
not to interfere with their degree of approximation. 

The necessity for such a modification will appear from 
the following considerations: 

Suppose we proceed with the values already obtained; 
we have, by Art. (23), 



AV ¥^ 2^ 2AV 

= + A cos(5-a) + ; 



* We shaU also employ this method of correcting the integral in our 
next approximation to the value of in terms of t ; and if we purposed 
to carry our approximations to a higher order than the second, we should 
still adopt the same value, that is, zero, for the abitrary constant intro- 
duced by the integration. To shew the advantage of thus correcting with 
respect to mean values : suppose we reckoned the time from some d^nite 
value of 0, for instance when 6 =0 ; then, in the first approximation, 

= e + 2e sin(e — o), 

is the equation for determining the constant e, and in the second ap- 
proximation, e would be found from 

= « + 2e sin(e — a) + {e* sin2 (e — a) + . . . ., 
giving different values of t at each successive aippxoii\m'eX\Qitv. 
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and tiuB being aubatituted in the differential equation (jS*) 
of Art. (30), gives 



the solution of which is 



-a)l + + iAe!im(e-a). 

Our first approximate value u = n [l + e coa(5 — a)j ia thua 
corrected by a term which, on account of the factor $, admits 
of indefinite increase, and thus becomes ultimately a more 
important term than that with which we started as being 
very nearly the true value, and which is confirmed as such 
by observation (22) ; for, the moon's distance, as deterrnined 
by her parallax, is never much less than 60 times the earth's 
radius; whereas this new value of u, when 6 is very great, 
would make the distance indefinitely small; and, on the 
same principle, we see that any solution, which comprises 
atennofthe form Adfim[6 — a], cannot be an approximate 
solution except for a small range of values of 8, 

Such terms 'if they really had an existence in our Kyatetn, mult 
' end in its destruction, or at least in the total subTeraion of its presetil 
hut when they do occur, they have their origin, not in the 
Q of the differential equations, hut in the imperfection of our 
• analfsia, and in the inadequate representation of the perturbations, 
' and ore to be got rid of, or rather included in more general expres- 
'slons of a periodical nature, by a, more refined investigation than that 
'nhich led us to them. The nature of this difficulty will he easily 
'understood from the following reasoning. Suppose that a term, such 
'as « Bin(^fl+ B), should exist in the value of «, in which A being 
' extremely minute, the period of the inequality denoted by it would 
'be of great length j then, wiiatever might be the value of the eo- 
' efficient a, liie inequality would still be always confined within certain 
'limits, and after many ages would return to its former stale, 

'Suppose now that our peculiar mode of arriving at the value ofu. 
id us to this term, not in its real analytical form a sin(^tf + B), but 
f the way of its development in powers of S, q + ^fl 4- ^S" f &c. ; and 
i[ once, but piecemeal, w it were ; a. first sppoximaticm giving 
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<U8 only the term a, a second adding the term p$, and so on. If 
'we stopped here, it is obvious that we should mistake the nature 
' of this inequality, and that a really periodical function, from the effect 
* of an imperfect approximation, would appear under the form of one 

'not periodicaL These terms in the value of m, when they 

'occur, are not superfluous; they are essential to its expression, but 
' they lead us to erroneous conclusions as to the stability of our system 
' and the general laws of its perturbations, unless we keep in view that 
*they are only parts of series; the principal parts, it is true, when 
' we confine ourselves to intervals of moderate length, but which cease 
' to be so after the lapse of very long times, the rest of the series 
'acquiring ultimately the preponderance, and compensating the want 
' of periodicity of its first terms.' — Sib John Herschel, Encychptsdta 
MetropoUtana — ^Physical Astkonomy, p. 679. 

36, To extricate ourselves from this difficulty, and 
to alter the solution so that none but periodical terms 
may be introduced, let us again observe that the equation 

-j^+w=~=a of Art. (30), which gave the solution U 

and thus led to the difficulty, is only an approximate form 
of the first order of the exact equation (^8') of the same 
article. Any value of «, therefore, which satisfies the ap- 

proximate equation -^ + w = a to the first order, and which 

evades the difficulty mentioned above, may be taken as a 
solution to the same order of the exact equation {^'). 
Such a value will be 

u = a{l + e cos(c5--a)} Z7/, 

provided 1 — c* be of the first order at least, for then 

-™-f M = a + ae(l— c'*) cos(c^ — a), 
= a to the first order. 

37. The observations hitherto made to check our ap- 
proximations were extremely rough (22^^ awA oaxt^sA^ ^\5t 
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only for a short interval; but when they are made with 
a little more accuracy, and extended over several revolutions 
of the moon, it is found that her apse and the plane of 
her orbit are in constant motion. 

The above form of the value of w is suggested t)y our 
previous knowledge of this motion of the apse, which, as 
we shall see Art. (66), is connected with the value of c 
here introduced; and there is no doubt that Clairaut, to 
whom this artifice is due, was led to it by that consideration, 
and by his acquaintance with the results of Newton's ninth 
section, which, when translated into analytical language, lead 
at once to this form of the value of w.* 

We might, therefore, taking for granted the results of 
observation, have commenced our approximation at this step, 
and have at once written down 

u = a[l-^e cos(c^ — a)}, 

but we should, in so doing, have merely postponed the dif- 
ficulty to the next step, since there again, as we shall fiind, 
the differential equation is of the form 

j^ + M = a function of 6. 
do 



* Newton has there shewn, that if the angular velocity of the orbit 
be to that of the body as G-F to G, the additional centripetal force is 

G*-F* 

— ^^ — AV, the original force being fiu\ Therefore 
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F^ 
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u=a I 1 + e cosf ~ ^ - a j [-, 



F 

where ^ is the same as our c. 
G 
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the correct integral of which would be, 

u=^A coQ{d-B) + , 

and this would at the next operation bring in a term with 
for a coefficient, which we now know must not be. We 
shall, therefore, hereafter omit such terms as A cos {0 - B) 
altogether, and merely write 

w=a{l + e cos(c^ — a)} + 

38. So far, all that we know about c is that it differs 
from unity at most by a quantity of the first order, but 
its value will be more and more correctly obtained by always 
writing, in the successive approximations, a -f oe cos {c0 — a) 
for the first two terms of the value of w, then the coefficient 
of cos(c5— a) in the differential equation must equal ae (1 —c^) ; 
and this will enable us to determine c to the same order 
of approximation as that of the differential equation itself. 
See Arts. (48) and (94). 

.39. In carrying on the solution of s, the same difficulty 
arises as in u^ and it will be found necessary to change it into 

s = k siji{g0 — y) 8\j 

g being a quantity which differs from unity at most by a 
quantity of the first order. See Arts. (49) and (95). 

40. The equation 0j will also be modified by this change 
in the value of u^ 

^_ J 1 

d0^ M {l + ecos(c^-a)f 

d.ct _ J 1 

^^ d.c0 "" M {1 + e oos{c0 - a)}'-* ' 

Here c0 and ct hold the places which and t occupied 
in (33) ; therefore 

' c6 = cpt + 2e sin{cpt- cf]^ 
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or 6=pt+2esm{cpt'-0L) &\ 

to the first order, since - = e to the first order. 

' c 

41. Since the disturbing forces are to be taken into 
account in the next approximation, we shall have to use 
the value of w' found in (18), which is 

t,' = a'{l + e'cos(^'-5)}: 

but this introduces 6' ; we must therefore further modify it 
by substituting for ff its value in terms of d, and it will 
be found sufficient, for the purpose of the present work, 
to obtain the connexion between them to the first order, 
which may be done as follows : 

Let m be the ratio of the mean motions of the sun and 
moon, 

p'j p their mean angular velocities ; •*. p' = mpy 

p't'\- fijpt mean longitudes at time tj fi being the son^s 

longitude when i = 0, 

ffj true longitudes at time f, 

f, a longitude of perigees when ^ = ; 

therefore ^' — §'= sun's true anomaly, 

and y^+ /8 — ?= mean anomaly. 

But, by Art. (13), 
true anomaly = mean anomaly + 2e sin (mean anomaly) + &c.; 

therefore ^'= pt + fi -i-2e' am{p't + 0-'^) + 

= mpt + 13 +2e'sin(iwp^ + /8-(r) + 

m0 + fi +2e'sin(»i(9 + /8-C) 
to the fii'st order; 
because pt^O — ^e sm [c6 — a) to the first order by (40). 
Whence m' = a' {1 + e' cos [md + /S - f )} to the first order* 
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42. The vakes of sin2 (tf- 9) and co62 [6- ^ can also 
be reacBly obtained to the same order: 

sm2(«-^ 

=:Mn{(2-2m)«-2i8-4c'8in(i»tf + i8-C)} 

= Mn{(2-2w)^-2i8}-4c'ffln(i»^+/8-C)co8{(2-2m)«-2^} 

= sin{(2-2m)e-2/8}-26'8in{(2-»i)e-i8-C} 

+ 2e' ffln{(2 - am) © - 3/8 + C}. 
Similariy, C082 (e - (y) = cos {(2 - 2wi) e - 2/8} 

-2e'cos{(2-w)e-i8-C} + 26'co8{(2-3w)©-3/8 + ?}. 
The first term of each of these is all we shall require. 



Section III. 

To solve the Eguatums to the Second Order. 

4»3. Let us recapitulate the results of the last approxi- 
mation. 

w = a{l+e cos(cO — a)}, 

w' = a'{H-e'cos(me + i8-C)}, 

a^^h sin (^© — 7), 

e-e' = (l-m)e-/3-2e'sin(we + i8-C). 

These values must now be substituted in the expressions for 

P T^ Bi-S T d^ T^da^ (d^ \ fj^.n 

AV AV *V ' h\'de' h'u'dd' [dff"^^) Jh'u' ' 

(^"*"^J \w^^^^ retaining terms above the second order, 

when, according to the criterion of Art. (29), they promise 
to become of the second order after integrating. 
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I 

The equationB (/S') and (7) of Art. (30) will then assume 
the forms 

and the integration of these will enable us to obtain u and s 
to the second order ; after which, equation (a) of Art. (20) will 
give the connexion between 6 and t to the same order. 

44. The quantity -^2-3 ? which we shall meet with as 

a coefficient of the terms due to the disturbing force, can 
be replaced by m*a, m being the ratio of the mean motions 
of the sun and moon. 

So long as we neglected the disturbing force, h and a 
had determinate values : — they belonged to the ellipse which 
formed our first imperfect solution, and would therefore be 
known from the circumstances of motion in that ellipse at 
any instant, h being double the area described in a unit 
of time, and a the reciprocal ef the semi-latus rectum. It 
would consequently be impossible to assume any arbitrary 
connexion between them. But, when we proceed to a second 
approximation and introduce the disturbing force, there is 
no longer a determinate ellipse to which the h and a apply : 
the equation fi = A*a of Art. (30) merely shews that a and h 
must refer to some one of the instantaneous ellipses which 
the moon could describe about the earth if the disturbance 
were to cease, an4 we are at liberty to select any one of 
these which will sallow us to proceed with our approximation. 
The particularTr ellipse will be determined by the assumed 



ma 



relation -75-j = w'a, Mid the selection is suggested' , and 
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justified by the following reasoning: 

_y _ average period of moon about earth 
p period of sun about earth ' 

but, since the instantaneous ellipses are nearly circles, wc 
have, as in Art. (24), 

(period of moon abou t earth)" _ nid^ , 
(period of sun about earth)* "" yjj^ ^ ' 

therefore if a be properly chosen, 

45. We have therefore 

^ = f.(l-fO-^'u + fcos2(0-0')} 

[^ + 1 cos{(2-2m)fl~2/3}] 

[l-fi" + f^cos2(^0-7) 
= a - \m^ {1 + 3e' cos(me + /3 - f )} {1 - 3e cos(cfl - a)} 
I [1 + 3 cos {{2 - 2iw) fl - 2/3}] 

l-|i-+|i» cos2 (^^-7)-iw'[l+3 cos{(2-2m) 0-2/3}] 
= a — |7wV cos (m^ + )8 - f ) + f m*e cos (cfl — a) 

\ + fm'e cos {(2 - 2m - c) ~ 2/3 + a}. 

The last three terms are retained, though of the third 
order, according to Art. (29). The first of the three will 
not rise in importance in the value of u^ but it is retained 
for its subsequent use in finding f, when it will become of 
the second order. The other terms of the third order, which 
arise in the development of the expreaaiou^ ^x^ \^a^^^\fc^^ 
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as the coefficients of ^ in their arguments are neither small 
nor near unity. 






'..'» 



3m u 



2AV 



f sin2(d-^) 



^_Wa-{l+e'cos(m(9+/3-g)}'^^ 

2AV {1 + e COS (c^ - a)}* ^^ ^ ' 

= - f w* {1 + 3e' cos(w5 + i8 - ?)} 

[1 -4e cos(c^- a) + lOe' cos*(c5- a)] sm{(2 -2w) 5-2/8} 
= - |iyj8 {1 + 3e' cos (m^ + /8 - f) } 

[sIn{(2-2m)5-2/3}-2esin{(2-2m-c)5-2i8 + a} 

+ f e» sm{(2 - 2m - 2c) 5 - 2)8 + 2a}] 



= ~fm' 



1 



sm{(2-2m)5-2^}-2e8in{(2-2m-c)5-2;8+a} 
.+ f e* sin {(2 - 2w - 2c) 5 - 2/3 + 2a}. 

We have, in the course of the reduction, dropped those 
terms which, according to Art. (29), could not produce im- 
portant terms in the resulting value either of u or of U 
The last term, though of the fourth order, is retained be- 
cause 2 — 2m — 2c is small. 

Tj-s ^= (previous expression) {—aec sin(c5 — a)} 

= fw*ac cos{(2 - 2w-c) 5- 2y3 + a}, 
for, to the first order, c = 1 ; 

,^-8 -7g= (same expression) \kg cos (5^5 — 7)} 

= -fm%sin{(2-2w-5r)5^2/3 + 7}, 
for, 5^ = 1 to the first order : 

2-^C08{(2-2m)fi-2/3} 
1=^ rffi=K j- 2-|^ cos{(2-2m-c) ^-2^ + a} 

•^ 2(2-2m-2o) °os{(2-2m-2c)(?-2y3 + 2«}; 
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but - — -~ =4 + tenns of first order, 

26 

= — 2e + terms of second order, 



2-2m-c 
56* Se" 



2(2-2w-2c 4(l-m-c)' 

Here the denominator is of the first order, and cannot be 
farther simplified without a more accurate knowledge of the 
value of c. We shall find in the next value of u^ Art (48), 
that 1 — c is of the second order, and as this result is obtained 
independently of the term we are here considering, which is 
only retained for the sake of finding t, there is no impropriety 
in anticipating thus far in order to simplify this coefficient, 
which then becomes 

5e* 

- r — I- terms of the second order ; 
4m 

/. /^rf5 = fm*cos{(2-2m)5-2i8} 

- 3m*e cos {(2 - 2m - c) 5 - 2/8 + a} 

- ^m^ cos{(2 - 2m - 2c) ^ - 2/3 + 2a}. 
Also, by Art. (36), 

-~ + 14 = a + quantities of the second order, 

-=~ + ^ s small quantity of the second order at least ; 

.-. 2 (§ + «) /^ dd = Ka cos {(2 -2m) 6- 2^} 

- Bm'ae cos {(2 - 2m - c) ^ - 2/3 + o} 

- »^j»e*acos{(2-2»i-2c)5-2/8 + 2o}, 
2 ^^ + 5^ /"^ de = 0, to the third order. 
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Lastly, 

Ps-8 msu'' 



{f + f cos2(^-fi')} 



AV AV 

= - f 7?i"5 [1 + cos {{2 - 27?i) ^ - 2/3}] 

{1 + 3e' cos(m^ + iS - (;) - 4e C08(c^ - a)} 

= -fm'^;fc[sm(^5-7)-ism{(2-2w-gr)5-2)8 + 7}]- 

In all these expressions we have rejected those terms of 
the third and higher orders which, according to Art. (29), 
would not influence the second order.* 

46, We must now substitute these values in the diffe- 
rential equations for u and Sj and then integrate, omitting 
the complementary term J. cos (^ — J?) ; for though, by the 
theory of differential equations, this would form a necessary 
part of the solution, we have seen Art. (35), that it cannot 
in this shape form a part of the correct value of u or 5, but 
will be comprised in the terms whose arguments are.cd — a 
and ffd — 7. 

47. Since the form of the solution is known, the actual 
expressions for u and s will be obtamed with more faciUty 



* Instead of the forces which really act on the moon, we originally 
substituted three equivalent ones, P, T, S; these again are, by the pre- 
ceding expressions, replaced by a set of others. For, we may conceive 

p 

each of the terms in — j, &c. to correspond to a force,— a component of 

P, T, or £>; each force having the same argimient as the term to which 
it corresponds, and therefore going through its cycle of values in the same 
time. Now, by Art. (29), when the coefficient of 6 in the argument is 
near unity, the term becomes important in the radius vector, and when, 
near zero, in the longitude : hence, a force whose period is nearly the same 
as that of the moon, produces important effects in the radius vector ; and 
a force whose period is very long will be important in its effect on the 
Mngitude. See Airy*s Tracts, Planetary Theoryj p. 78. 
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by assaming them with arbitrary coefficients, the values of 
which are afterwards determined by substitution. 

We must remember, however, that the coefficients of 
co8(c5 — a) in u and of sin (^5 — 7) in s must be assumed the 
same as in the first approximate solutions; and that these 
assumptions will enable us to obtain the values of and g to 
the same order of approximation as that to which we are 
working. Art. (38). 

48. Considering, firstly, the equation in w, we have 



d^u P 

59^ + ^ = 



T du ^fd'u 



)/av^^' 



AV A V dO 

+ fw*e co3(c^ — a) 
+ |^'cos2(95-7) 
= a( - 3w' cos{(2 - 2m) 5- 2/8} 

+ \im^e cos{(2-2m-c) B^ 2/3 + a} 
- f mV cos (m& + /3 - (T) 
1+ ^me* cos {(2 - 2m - 2c) ^ - 2/8 + 2a}. 

The last two terms would not be retained if we wished 
to find the value of u only, but, in finding t afterwards, they 
will become of the second order. 

+ e cos {c0 — a) 
+ A cos2 [g0 — 7) 
Assume i« = a( + jBcos{(2-2m)^- 2)8} 

+ C cos {(2 - 2m - c) ^ - 2/3 + a} 

+ I>cos(m^ + /3-?) 

-f E cos{(2 - 2m- 2cl e- 2^-V ^aV 
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Then, by substitution, 

e (1 — c") = f wi% 

jB{1-(2-2»»)''} =-3m*, 

C{l-{2-2m-c)*} =V»n*«, 

D(l-m') =-}«iV, 
^{1 - (2-2»»- 2c)*} = V>«»e*; 

whence c = V(l — f»i*) = 1 — f m", 

3A? 



^ = 



B= 



4(1-4) 

-3to' 
1-4 



= -i**, 



= m" 



C= 



15OT''e 



\ 



2{l-(l-2»M + |in7}~'^'^' 

^=-2irr^ =-«"*'' 

Therefore 

+ e co8(c9-a) 
- {J(^ cos2 {gO - y) 
tt = a/+m' cos{(2-2wi)e- 2/3} 

+ V^W6 cos { (2 - 2«i - c) - 2^ + a} 

-fwVcos(me + /3-C) 

.+ V^' cos{(2-2m-2c)e-2i8 + 2a]^ 

49. The differential equation of the latitude 



^ U 
' • • • t/ j» 
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eoomes, after substlttttion, 

d*8 _ f— |w%sin(5r0 — 7) 

Assume sJ^'^^^""^^ 

1+ A sin {(2 - 2w -^) e - 2/8 + 7}. 

Then, by substitution, we get 

^ {1 - (2 - 2m -gY] = + f wi%. 
therefore <7«=V(l + f^') =l + f7/i*, 

. 3W^* _o , 

^-2{l-(l-2w-Kr}''*''*^' 

herefore , = f «i^(i^e7) ) ^^. 

l+|w;fcsm{(2-2w-^) 9-2/8 + 7}] 

50. We can now find the connexion between the longi- 
ude and the time to the second order, 

uid from Art. (48) we have 
1 1 



W Aa' {1 + e cos(cfl - a) + S, + Sg}" ' 

(2, being the sum of all the terms of the second, and 
£3 those of the third order in u^) 

= ^,[l-2{6C0s(ce-a) + 2, + 23} 

+ 3 {e cos (cfl - a) + Sg + S3}* - &c.] 
= ^,[l-2ecos(c0-a)- 22,-223 

+ 3e* cos*(c9 - a) + 62^e coa(cfl - a\\ 
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2_ 



= ^ [1- 2e co8(c©- a) - 22, - 2S, + §6*+ \? cob2 (c8-a) 

+ V^" cos {(2 - 2m - 2c) e - 2i8 + 2a}] 

H-fe'-l-ffe*+w*-2ecos(ce-a) 

+ fe"cos2(ce-a) 
+ iAj" 0082(5^^-7) 

- 2m'' C08{(2 - 2m) (?- 2)8} 

- ^me cos{(2-2m-c)0-2)8+a} 
+ 3mVco8(me + i8-f) 

- Vw^'co8{(2-2m-2c)e-2/8+2a}. 

Also, from Art. (45), 

1 -/ts-s rffi= 1 - f»i' C08{(2 -2m) e-2/8} 

+ y mc' cos {(2 - 2m - 2c) 9 - 2/8 + 2o}, 

neglecting the other term of the third order, the coefficient 
of the argmnent not being small. 

We have now to multiply these results together, and we 
see that the term having for argument (2— 2m— 2c)fl~2)8+2a 
will disappear in the product. K we trace this term, we shall 

find that it arose in \tt^ dO^ from retaining originally terms 

1 . . 
of the fourth order, but in t-, it arises from combining terms 

not exceeding the third order. If, therefore, we had rejected 
terms beyond the third order indiscriminately, the expression 

-^ would have contained this term, introduced by 7—, , and 

mtit would have been raised to the second order, and there- 
fore formed an important part of its value instead of disappear- 
ing altogether from the expression. Hence the necessity for 

T 

retaining such terms of the fourth order in p-g . 
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+ fe*co82(ce-a) 
+ i*" 0082(5^^-7) 

- V«*" co8{(2 - 2m) (? - 2/3} 

- f^wie C08 {(2-2w-c) 0- 2/8 + a) 



Let 



S(i+f^"+f^+^')-^; 



Aa' 



therefore jp = Afl^(l-fe* — fJ" — m") to the third order; 

therefore, multiplyuig by p and mtegrating, we get, 8till to 
the second order, 

jpe=e-2€sm(ce-a) + 3€"8in2(c0-a) ] 

-|-l*'sin2(5rfl-7) 

'^^m^sm{{2-2m)e- 2/8} 

- V^ie 8in{(2 - 2«i-c) ©- 2/8 + a} 

+ 3Wsin(wO + /8-f) 

no constant is added, the time being reckoned from the 
instant when the meaa value of vanishes, for the reasons 
explaincfd in Art. (34). 



)...0 
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51* The preceding equations Z^, 8^^ 0, give the reci- 
procal of the radius vector, the latitude and the time in 
terms of the true longitude ; but the principal object of the 
analytical investigations of the Lunar Theory being the 
formation of tables which give the coordinates of the moon 
at stated times, we must express tf , «, and in terms of t. 

To do this, we must reverse the series p^=© — &c., and 
then substitute the value of 9 in the expressions for u and s. 

Now ^pt + 2e sin [cO - a) to the first order 

=^f+2esin(cp« — a) \ 



n^cpt—-^ to the first order, 
^ — -iJ-i-SeaiUiipt — «' ciK(tyt-( 

to the aecimd ndtr,! 
"*Mi:((yf— «)-t-2e^aii2 i-y*- 
)t0aaiftStmi^i qmuidtv- af the tirst ord^, the^ I 
tsLy in Decns at' &e second ordajl 

+ V«'rii>[(2-*.)i--^} 

+ Vm«riii{(2-*«-.c)j)<-2^+a] 

-Swif' sin(mp( + jS-t) 

Hi tu Mw Vftluti of u giren b Art. (48), Bobstitnte pt for 
M H^ ^V^W Wf ttw ««Mwd onler, aiidj>t + Sesn(i^-ci}mttA 

I ^ _^>.^K(t^ .♦'+«w»tcp*-«)+<'oo8a(cp*-a) 






...ff,i 



1^ ijHt ^wbM ^f » in Art ( 4SI, vlu(± Ten 
llkft- 'to '^ *^ '^ ^M^weqaenlitr finding If 



"Wlto, tf^ ^"^ »™it«»^ 
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moon's parallax. 53 

The expression for a is more complex in this form than when 
given in terms of the true longitude 0. 

54. If P be the moon's mean parallax, and n the parallax 
at the time tj 

n= -jv-7 ^-r-= =JBtt(l- if?) to the third order, 

Qisiance oi u ^ //^ . q\ 

-V(i+^) 

= JBt^ {1 — JA:* + \J(? C082 {gpt — 7)} to the second order, 
1 — Ai* — |w* — e* + e cos (cp^— a) H-e" cos2{cpt'-a) 

+ nf cos {(2 - 2?n) p« - 2)3} 
+ V^wie cos{(2 - 2w - c)pt- 2/8 + a} ; 
but P=the portion which is independent of periodical terms, 

l + e cos(<^— a) + 6?' cos2 (cp^— a) 
+ wi" cos {(2 - 2m) jpt - 2)8} 
•f y we cos {(2 - 2m - c) ^« - 2)8 + a} 
neglecting terms of the third order. 

55. Here we terminate our approximations to the values 
of u, «, and 0. If we wished to cany them to the third 
order, it would be necessary to include some terms of the 
fourth and fifth orders according to Art. (29), and the ap- 
proximate values of P, T^ and 8^ given in Art. (23), would 
no longer be suffidently accurate, but we should have to 
recur to the exact values, and from them obtwi terms of 

order beyond those already employed. 
If this be done, it is found that 

AV=^^-^ -S^q:^-^^-cos(^-^) }, 

fo-a = — f -s; — i>wi — %m{0 — ff) 



therefore n = P 
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These terms of the fourth order become of the third ordet 
the value of u, and therefore alao of f, the coefficient ( 
being near unity. 

We shall see further on (Appendix, Art. 97), to ^ 
purpose a knowledge of the existence of these terms ha" 
been applied. 

56. The process followed in the preceding pages i* ■■■ 
sufficient clue to what must be done for a higher approx- 
mation. 

The coordinatea u and 0' of the sun's poeition are, ^'; 
the theory of elliptic motion, known in terms of the timi.' ■ 
and ( IB given in terms of the longitude 8 by the equation 
0,. Hence w' and d' can be obtained in tenns of $ ; but 
it will be necessary to take into account the slow progres- 
aive motion of the sun's perigee, winch we have hitherto 
neglected. This will be done by writing c6' — ^ for ^ — f, 
c' being a quantity which differs very little from unity.* 

These values of m', 6', together with those of u and e in 
terms of 8, as given by U^ and S„ are then to be substituted 
in the corrected values of the forces, and thence in the 



* ' Bit refiScItUsant eur lea termos que doivcnt introduire toutes la 
quanlit^B prcc£deates, on voit qu'il Be peut gluner des coainuB de Van^c 
d dont noua avons vu la dangeieiu eOet d'ameQec dans la valeur de u dee 
arcs au lieu de leiirs co^nus ; do tela termca viendiont, par exemple, de 
la combuiaiBiHi d^ cosinue de (1 — m] aiec dea coBinus de mS 

■ Pom evitei cet incoDveiueiit qui Qterait & la Bolution pi^fdente 

I'aiantage de convenir & un aussi grand iiinnbre de rfevolutlonB qu'on vou- 
diail, et la priverait de la siniplicite et de I'luiivetanliti: si precieuses en 
mathtmaliqueB, il faut commencer par en chercher la cause. Or, on d*- 
couvre facilemeat que (tes termes ne vieiuient que de ce qu'on a suppose 
ftxe I'apDgie du Boleil, ce qui n'cBt pas permis en tnute rigueur, puiaqne 
qnelque petite que solt am cet aatre rBcCioii de la lune, etle n'eu estpaft 
moiiu r^elle et doit lui produire un muuvemcnt d'apogSe quoique bis 
lent it la veriti.' Clairaut, Theorit da la Lvne, p, &S. 2iaQ Edition. 
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differential equations. The integrations being performed as 
before will give the values of u^ «, and t in terms of 6 to the 
third order, and from these, as in Arts. (51), (52), and (53), 
may be obtained t<, «, and 6 in terms of t. 

57. More approximate values of c and g are obtained at 
the same time, by means of the coefficients of co8(c& — a) and 
sin (^0 — 7) in the differential equations, (see Appendix, Arts. 
94 and 95). 

58. The values to the fourth order are then obtained 
from those of the third by continuing the same process, and 
80 on to the fifth and higher orders ; but the calculations are 
80 complex that the approximations have not been carried 
beyond the fifth order, and already the value of in terms 
of t contains 128 periodical terms, without including those 
due to the disturbances produced by the planets. The coeffi- 
cients of these periodical terms are ftmctions of m, e, e\ ~ , 

c, g^ hj and are themselves very complicated under their 
Kteral forms: that of the tenn whose argument is twice the 
difference of the longitude of the sun and moon, for instance, 
is itself composed of 46 terms, combinations of the preceding 
constants. 

See Pont^coulant, SysH^me du Monde^ tom. iv. p. 572. 



CHAPTER V. 



NDMBHICAL VALUES OF THE COEFFICIENTS. 



59. Having thus, from theory, obtained the form of (he 
developments of the coordinates of the moon's position at 
any time, the next necesaary step is the determination of tlir 
DTimencal values of the coeffiuienta of the aeveral terms. 

We here give three different methods which may be 
employed for that purpose, and these may, moreover, be 
combined according to drcumstances, 

60. First method. By particular observations of the snn 
and moon {i.e. by observations made when they occupy 
particular and selected poaitions), and also by observa- 
tions separated by very long intervals, such, for iuatance, aa 
ancient and modem eclipses, the values of the constants 
p, m, a, (S, 7, f, which enter into the artjuments, and of the 
additional ones which enter into the coefficients of the terms 
in the previous developmentSj may be obtained with great 
accuracy, and by their means, the coefficients themselves; 
c and g being also known in terms of the other constants. 

These may properly be called the theoretical values of the. 
coeffiolenta, the only recourse to observation being for 
detemunatjon of the numerical values of the elements. 



the 

1 



61. Second method.. Let the constants which enter into 
the arguments he determined as in the first method ; and let 
a large number of observations be made, from each of wliidi_ 

alue of the true longitude, latitude, or parallax 
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lainedy together with the correspondiBg vdne of t reckoned 
from the fixed epoch when the mean longitude is zero. Let 
these corresponcUng values be substituted in the equations, 
each observation thus giving rise to a rektion between tiie 
unknown constant coefficients. 

A veiy great number of equations being thus obtained, 
they are then, by the method of least squares or some ana- * 
logons process, reduced to as many as there are coefficients 
to be determined. The solution of these simple equations 
will give tiie required values. 

This method, however, would scarcely be practicable in 
a high order of approximation. For instance, in the fifth 
order, as stated in Art. (58), each of the numerous equations 
would consist of 130 terms, and these would have to be re- 
duced to 129 equations of 130 terms each. 

62. I%ird method. When the constants which enter into 
the arguments have been determined by the first method, we 
may obtain any one of the coefficients independently of all 
the others by the following process, provided the number of 
observations be very great. 

Let the form of the function be 

F=^ + 5sm^ + (7sin^ + &c., 

and let it be required to determine the constants Aj JS, (7, &c. 
separately ; 9, ^, &c. being functions of the time. 

Let the results of a great number of observations corre- 
sponding to values 5„ 0^, 5,, &c., ^j, ^„ ^3, &c., be F^, F„ F3, 
&c.; so that 

V^ = A + B^m0^ + C sin0j + &C., 

F, = ^ + jBsin5, + (7sin^3 + &c., 

V^^A-^-B sm^8 + C sin^3 + &c., 

F, = ^ + J5 sin^„ -f (7 sin A, + &c. 
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»■ tbr voD-^Mnodic pan rf tk> fanction. 
■nr £. Let the oli i ■■liiaa be divided intu 
MttBf: tbr pontiTe and negative Tables of «d^; 
r fMiidinil terms, not Invii^ t^ sune period, 
itoad •• araceUing themaelTes in adding np Ik 
b «K. liBi there be r terms in the first sot 

m liv «Bonnd, «>a W r, r; r' be tbe 

■HMPiBBiiBg to postive values of and, which 
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4 \ r 8 J ^ 

and in a similar manner may each of the coefficients be 
independently determined.* 

For further remarks on this method, see Appendix, Art. 
(104). 



* If r and b are not sufficiently great to allow us to substitute 
r * fsmOdO for ^^ sin^.^, we must proceed as follows: 

V'^'V"^ + r'=rJ[ +^(sin3^+sin2d^+ + sinr^^) 

^j, T> Bini(r + l)a^sinir.g^ 

sin^^^ 

. ^'^f"^ ^'^' -Ax^ ^-'"^ nearly 

-A — *•* 

7* 

^ 9r \ fi / 

therefore 

^ w / r^+r^'-t- ^r*- r,+ F:,+ ^ta 



H^^C?^?)} ^''; *^' - ^^^^^^^). 
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CHAPTER VI. 



PHYSICAL INTERPRETATION. 



63. The solution of the problem whicli is tlie object of 
I the Lunar Theory may now be considered as effected; that 
is, we have obtained equationa which enable iib to assign 
the moon'a position in the heavens at any given time to 
the second order of approximation ; we have explained how 
the numerical values of the coefficients in these equations 
may be determined from observation; and we have, moi 
over, shewn how to proceed in order to obtain a hlgl 
approximation .* 

It will, however, be Interesting to discuss the results 
have arrived at, to see whether they will enable us to fc 
some idea of the nature of the moon's complex motion, 
also whether they will explain those inequalities or deps 
from uniform circular motion which ancient astronomers 
observed, but which, until the time of Newton, were _ 
many unconnected phenomena, or, at least, bad only such 
arbitrary connexions as the astronomers chose to assign, bj 
grafting one eccentric or epicycle on another as each newh 
discovered inequality seemed to render it necessaiy, 



• The n 



a account the elliii 



lidalHgi 
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of tie 

complex to form 



B of taking 
and the distuibancGi) produced by the planecs, 

part of an introductory treatiae. Fol information on these points reference 
mny be made to Airy's Figure of the Earth. Pontecoukiit'B Sj/itlttu dtt 
Monde, vol. :v. ^H 
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It is true that our expressions, composed of periodic 
erms, are nothing more than translations into analytical 
anguage of the epicycles of the ancients;* but they are 
volved directly from the 6indamental laws of force and 
QLOtion, and as many new terms as we please may be ch- 
ained by carrying on the same process ; whereas the epicycles 
f Hipparchns and his followers were the result of numerous 
Aid laborious observations and comparisons of observations ; 
tach epicycle being introduced to correct its predecessor 
^en this one was found inadequate to give the position 
»f the body at all times: just as with us, the terms of the 
econd order correct the rough results given by those of 
he first ; the terms of the third order correct those of the 
econd, and so on. But it is impossible to conceive that 
observation alone could have detected all those minute ir- 
"Cfinilarities which theory makes known to us in the terms 
,f Te third and higher ^ers, even supposing onr instruments 
ar more perfect than they are; and it will always be a 
subject of admiration and surprise, that Tycho, Kepler, and 
iheir predecessors should have been able to Jkel their way 
M) far among the Lunar inequalities, with the means of 
>bservation they possessed. 

LONGITUDE OF THE MOON. 

64. We shall firstiy discuss the expression for the moon's 
longitude, as found Art. (51). 

d=pt-{-2e sin (cp« — a) + |e^ sin2 (cp^— a) 
+ ^w6sin{(2-2m-c);?«-2)9 + a} 
+ Vm" sin {(2^- 2m) pt-2fi} 

— 3W sia{mpt + fi — ^) 

— JA* sin2 [ffpt — y). 

* See WheweU's History of the Inductive Sciences^ 
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The mean value of B \i pt; and in order to jodge of tlH 
effect of any of the small terms, we may eonsider themi 
^one at a time as a correction on this mean value pt, or 
■we may select a combination of two or more to form thii 
correction- 

We shall have instances of combinations in expliuning 
the elliptic itifqualitif and the evection, Arts. (66) and [70]; 
but In the remaining ineqnalitiea each terra of the expression 
will form a correction to be considered by itself. 

65. Neglecting all the periodical terms, we have 

e=pi, 
de 

which indicates uniform angnlar veloci^; and as, to fte 
name order, the value of u is constant, the two together 
indicate that the moon moves uniformly in a circle, the 

period of a revolution being — , which is, therefore, the 

expression for a mean sidereal month, or about 27^ days.* 
The value of^ is, accoi'ding to Art. {50], given by 

J = jL{l + ii. + ™' + 4e-), 

and as M ia due to the disturbing action of the sun, we see 
that the mean angular velocity is leas, and therefore the mean 
periodic time greater than if there were no disturbance. 

Elliptic inequalifi/ err Equation of t/ie Centre. 

66. We shall next consider the effect of the first three 
terms together : the effect of the second alone, aa a correction 
of^(, will be discussed in the Historical Chapter, Art, {109).J 

• The accurate tbIuc wbb 27d. 71i. 43m. 1I-20U, in the year ISOl, ^H 
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MOTION OF THE APSE. 63 

d=spt-h2e Bm(q?^ — a) + fe* 8in2 {q(>t^ a\ 
which may be written 

9 =^« + 2e sin [p«- {a + (1 -c)^«}] -ffe' 8m2[p«- {a+ (1 - «);?<}]. 

But the connexion between the longitude and the time in 
in ellipse described about a centre of force in the focus, is, 
&xt (13), to the second order of small quantities : 

d==nt-\- 2e sin (n« - a') + f e' sin2(ne- a'), 

inhere n is the mean motion, e the eccentricity, and a' the 
iongitade of the apse.* 

Hence, the terms we are now considering indicate motion 
in an ellipse ; the mean motion being p the eccentricity e, 
md the longitude of the apse a + {l — c)pt] that is, the 
^ipse has a progressive motion in longitude, unifoim, and 
3qual to (1 — c) p. 

67. The two terms 2e sin {cpt—a) + f e* sin 2 {<^t— a) con- 
stitute the elliptic inequality^ and their effect may be further 
illustrated by means of a diagram. 

Let the full line AMB re- 
present the moon's orbit about 
the earth E^ when the time t 
commences, that is, when the 
moon's mean place is in the prime 
radius Iff from which the lon- 
gitudes are reckoned. 

The angle TZ4, the longi- 
tude of the apse, is then a. At the time ^, when the moon's 
mean longitude is T-EAf ==p«, the apse line will have moved 
in the same direction through the angle AEA* = (1 — c) TEM^ 



* The epoch e which appears in the expression of Art. (13) is here 
jmitted ; a proper assumption for the origin of t^ as explained in Art. (34), 
mabling ns to avoid the c 
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of c nearly as considerable as the one already obtained. See 
Appendix, Art. (94). 

.-. (1 - c) 360° = (1 + /^) (value found previously) 

= 2 1** nearly, 

thus reconciling theory and observation, and removing what 
had proved a great stumbling-block in the way of all as- 
tronomers.* 

When the value of c is carried to higher orders of ap- 
proximation, the most perfect agreement is obtained. 

The motion of the apse line is considered by Newton 
in his Princtpiaj lib. I., Prop. 66, Cor. 7. 

Moection. 

69. The next term + \^me sm {(2 - 2m - c) pi - 2/8 + a) } 
in the value of has been named the Moection, We shall 
consider its eflfect in two different ways. 

Firstly, by itself, as forming a correction on pt 

^ =:jp^ + ^me sin {(2 - 2m - c) jpe - 2)9 + a}. 

Let J = j>t = moon's mean longitude at time i, 

0= mpt + fi =sun's , 

a' = (l — c)pi + a = mean longitude of apse , 

then 

8=1,^4. x^me sin [2 {pt- {mpt + ^)} - {pt-il-c) pt-\- a}] 
^pt+^meBm{2{])- 0)-(])-a')}. 

The effect of ibis term will therefore be as follows : 

^1 In ayzygies 
^ *l =pt — ^me sin( ]) - a') ; 

• See Dr. Whewell's Bridgexjoater Treatise, 



«MWit. -nrpftrjii^r ■>> tilt mnoiL, at 4ie same time, is 
^j^ipn »!"■ ^nrijrw or boTwften perigee and apogee. 
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whence a'= (1 — c)^^ + a, 

G = mpt + p. 
And the above may be written 

B==pt + ^e sin(cp^ — a) + |e' ^m2[cpt—a) 

+ ^-^me sin{qp* — a + 2(a'— 0)}; 
and the second and fonrth tenns may be combined into one, 

2^sin(cp<-a + 8), 
if ^co8S = e-f jV«^cos2(a'-o), 

^sm8= Vw6sin2(a'-0); 

^m sin2(a'-0) 



whence 



tanS 



1+V^ cos2(a'-0)' 

JS» = €» {1 + V«» cos2 (a' - 0)}' + 6" { V»i sin2 (a' - 0)}" ; 

or, approximately, 

8=VmBin2(a'-0), 

E=^ 6 {1 + ^m C082 (a' - 0)}. 

The term ^ sin 2 [cpt—a) will, therefore, to the second 
order, be expressed by 

fjB^sin2((y<-a + S), 

snd the longitude becomes 

fl =^i + 2J5 sin (g?« - a + S) + f ^* sin2 (cp« - a -h S), 

or Q=.pt + 2E sin(^<- a' + S) + f jB» sin2 {pt^ «' + 8) ; 

but the last two terms constitute elliptic inequality in an orbit 
whose eccentricity is E and longitude of the apse a' - 8 ; 
therefore the evection, taken in conjunction with elliptic in- 
wpiality, has the effect of rendering the eccentricity of the 
Dioon's orbit variable, increasing it by ^me when the apse- 
Jine is in syzygy, and diminishing it by the same quantity 
^en the apse-line is in quadrature ; the general expression 
for the increment being ^me cos2 [d — oV 
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And another effect of this term is, to diminish the lon- 
gitude of the apse, calculated on the supposition of its uniform 
progression, by the quantity 8= ^m 8in2 (a' — O) ; so that 
the apse is behind its mean place from syzygy to quad- 
rature, and before it from quadrature to syzygy.* 

The cycle of these changes wiU evidently be completed 
in the period of half a revolution of the sun with respect 
to the apse, or in about ^ of a year. 

71. The period of the evection itself, considered indepen- 
dently of its effect on the orbit, is the time in which the 
argument {2 — 2m — c)pt — 2fi + a will increase by 27r. 

Therefore period of evection 

_ 27r __ mean sidereal month 

mean sidereal month 274 days , 

= l-2m + K ^^' °'*'^^' 

= 31^ days, nearly .f 

Newton has considered the evection, so far as i^ arises 
from the central disturbing force, in Prop. 66, Cor. 9 of 
the Prtndpia. 

Variation. 

72. To eooplain the physical meaning of the term 

Vm' sin {(2 - 2m) pt - 2)9}, 



* The change of eccentricity and the variation in the motion of the apse 
follow the same law as the abscissa and ordinate of an ellipse referred to 
its centre : for if J? — e = a; and ^ = y, then 



f The acurate value is 31.8119 days. 
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in the expression for the toootCs longitude. 

e ^pt + V w" sin {(2 - 2m) pt - 2^8}. 

Let D represent the moon's mean longitade at time f, 

sun's 

therefore 5 =pt^ 

0=mpt+l3'j 

and the valae of becomes 

= j9«+ V^' 8m2 ( D - O), 

which shews that from syzygy to quadratm*e, the moon's 
trae place is before the mean, and behind it from quad- 
rature to syzygy; the maximum diflference being ym* in 
the octants. 

The angular velocity of the moon, so far as this term 
is concerned, is 

■j=p+^ (1-m) m'p cos2( J -O), 

=p {1 + V^* cos2 ( ]) - 0)}, nearly, 

which exceeds the mean angular velocity p at syzygies, is 
equal to it in the octants, and less in the quadratures. 

This inequality has been called the Variation^ its period 
is the time in which the argument (2 — 2m) ^^ — 2^8 will 

increase by 27r ; 

. , ^ . . 2ir mean synodical month 
/. period of vanation = ,- — -— r — = — 

^ {2-2m)p 2 

= 14| days, nearly.* 

73. The quantity ym" is only the first term of an endless 
series which constitutes the coefficient of the variation, the 
other terms being obtained by carrying the approximation 

♦ The accurate value is 14.765294 days. 
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to a higher order. It Is then found that the next term In 
the coefficient is Hm\ which is about -A- of the first term ; 
«<l „■ 4». JLLi .a» taportf. te™., it i. ^ 

hj carrying the approximation to a higher order (the 5th 
at least) that the value of this coefficient can be obtained 
with sufficient accuracy firom theory. La fact, V^* would 
give a coefficient of 28' 32" only ; whereas the accurate value 
is found to be 39' 30". 

The same remark applies also to the coefficients of aD 
the other terms. 

74. As far as terms of the second order, the coefficient 
of the variation is independent of e the eccentricity, and k 
the Inclination of the orbit. It would therefore be the same 
in an orbit originally circular, whose plane coincided with 
the plane of the ecliptic: it is thus that Newton has c(m- 
sidered it. Frincip. Prop. 66, Cor. 3, 4, and 5. 

Annual Eqiuition. 

75. To eayplmn the physical meaning of the term 

— 3me' 8m{mpt-\'^ — ^) 
in the eapressionfor the moon^s longitude, 
^zpt— 3W sin(mp« + ^ — f), 

=pt — 3we' sin (longitude of sun - longitude of sun's perigee), 

=pt- 3iwe' sin (sun's anomaly). 

Hence, while the sun moves from perigee to apogee, 
the true place of the moon will be behind the mean; and 
from apogee to perigee, before It. The period being an 
anomalistic year, the effect is called Annual Equation,. 

Differentiating Q we get 

-J- ^p [I — 3wV COS (sun's anomaly)]. 
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Hence, so far as this inequality is concerned, the moon's 
angular velocity is least when the sun is in perigee, that 
is cU jpresent about the 1st of January, and greatest when 
the sun is in apogee, or about the 1st of July. 

The annual equation is, to this order, independent of the 
eccentricity and inclination of the moon's orbit, and therefore, 
like the variation, would be the same in an orbit originally 
circular. Vide Newton, Prrndpia^ Prop. 66, Cor. 6. 

Reduction. 

76. Before considering the effect of the term 

-~sin2(ap«-7), 

which, as we shall see Art. (82), is very nearly equal to 
the difference between the longitude in the orbit and the 
longitude in the ecliptic, it will be convenient to examine 
the expression for the latitude of the moon, and to see how 
the motion of the node is connected with the value of ^. 

LATITUDE OF THE MOON. 

77. The expression found for the tangent of the latitude,* 
Art (49), is 

« = A:sin(^0-7) + fmA:sin{(2-2m-,7) 0-2/8 + 7}. 

If we reject all small terms, we have 

5 = 0, 

or the orbit of the moon coinciding with the ecliptic, which 
is a first rough approximation to its true position. 



* This expression for the tangent of the latitude is more conyenient than 
that which gives it in terms of the mean longitude, Art. (53) on account of 
the less number of terms involyed. See Pont6coulant, vol. iv., p. 630. 



EVECTION IN LATITUDE. 73 

► a higher degree ; this value of g is, however, much more 
-onrate than the corresponding value of c, for the third 
•XTn of g is small ; the value to the third order being (see 
-J>pendix, Art. 95) 

J ,, . 1 /. T . /.I 1 one sidereal month 
^d the penod oi revolution oi the nodes = — kj- — r — r — 

= 6705 days, nearly. 

This is not far from the accurate value as given by ob- 
-irvation, and when the approximation to the value of g 
^ carried to a higher order, the agreement is nearly perfect. 

The true value is 6793*39 days, that is about 18 yrs., 7 mo. 



JSvection in Latitude. 

80. To explain the variation of the inclination and the ir^ 
effidariiy in the motion of the node expressed hy the term 

+ fw^ sin {(2 - 2w - ^r) 0-2)8+7}. 

This term, as a correction on the preceding, is analogous 
o the evectlon as a correction on the elliptic inequality. 
Taking the two terms together, 

s=^h sin(^^-~7) + |wii sin{(2 — 2«j-^) — 2)8 + 7}. 

Let J = longitude of moon = 0, 

= sun =77i0 + )8, 

Si = node =7- (^r- 1)0; 

therefore « = * sin(})- a) + §wA sin{})- ^ -2 (0 - Q,)]. 

•Now these two terms may be combined into one 

5 = ^sin(])-a-S), 

if ^cosS = A-f %mh cos2(0 - g^), 

^sinS= f7wAsin2(0-a), 



...ir«.(»-a-J) 

MfVMnMS HMImi IB M dnit ncBBBd at ^ spe ^b am 




tflV MfifliCT aa^ Ae longita^ of wlnK node i> & + S, 
TUf Mm hM Acrtbn die fiAm^ c&ete: 
fut Th* i ffafi op of tbe nooa'« oibit a 
fcwywt imr iM M bj %mk ndieii Ilie nodn aie in i 
tmi i nn m u hj tbe Mme qnantit/ «len Ac? are in 
y ilffl t Wl f dw gOHnl exptOBoa for the increase being 

tfalr IW IfRp'tu^ of the node, calculated <ta sapposidon 
«f AMrffimi ni(ffre»*ion, is increased by i=im sin2iS -fij, 
W ffM tlw Ofxle it Iwforc ita mean place while moring from 
WfiSffff V» qofldimtnre and behind it from qaadratare to 
tft/ffft Prhfajftfi, book iii., props. 33 and 35. 

Tfw fji^H 'if thene changes will be completed in the 
p*^ii\ i4 littif a revolution of the sun with respect to tbe 
ffxUf Uiat i«, in 17!{'21 dajB, not quite half-a-year. 

H\, 'Hmj tan|;ont of the latitude has here been obtmed; 
If Wd wwh to have the Utitade itself it will be pven by (fia 
iwinuui 

latitude = « — ^s' + Js* — &c, 

which, Vi thi; degree of approximation adopted, will clearly 
tho rami: as s. 
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\ Reduction, 

82. We may now consider the term which we had neg- 
lected (Art. 76) in the expression for the longitude, namely, 

— JA* sin2 {gpt — 7). 

Let JV" be the position of the node when the moon's 
longitude is 5, M the place of the 
moon, m the place referred to the 
ecliptic. 

Therefore rm = 0, 

Nm=ff0 — yj 

The right-angled spherical triangle NMm gives 

tan^w 




cos -ST = 



tan-Nlf 



I ^ n 1 — cos^ _ tan^Jtf — idLXiNm 

1 + cos J\r ~ tan-Naf + taniVm ' 

OP N_ m,[NM-Nm) 

2 ~ sm{NM+Nm)' 

or, fflnce both ^and NM—Nm are small, 

tan-JV NM-Nm . , , 

therefore NM-Nm=\lf AiL2{gd-r^)-\T^ WL2{gpt—y)^ nearly. 

Hence this term, which is called the reduction^ is approxi- 
laately the difference between the longitude in the orbit and 
fte longitude in the ecliptic. 
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RADIUS VECTOR. 

83. To explmn the physical meaning cf the terms w tifi 
vahie of u. 

We shall, for the explanation, make use of thip fonnnla 
which gives the value of i^ in terms of the true longitade, 
Art. (48). 

Firstly, neglecting the periodical terms, we have for the 

mean value 

w = a (1 — \T^ — ^m'). 

The term - \m\ which is a consequence of the disturbing 
effect of the sun, shews that the mean value of the moon's 
radius vector, and therefore the orbit itself, is larger than if 
there were no disturbance. 



Elliptic Inequality. 

84. To explain the effect of the term of Xhid first ordsr^ 

w = a {1 + e cos(c5 — a)}, 

= a [1 + e COS0 - {a + (I - c) 0}]. 

This is the elliptic inequality^ and indicates motion in ft^ 
ellipse whose eccentricity is e and longitude of the ap^ 
a + (1 — c) ^ ; and the same conclusion is drawn with respe^^* 
to the motion of the apse as in Art. (66). 

Evection, 

85. To eocplain the physical meaning of the term 

^mea cos {(2 - 2«j - c) - 2)8 + a}. 

This, as in the case of the corresponding term in the longi* 
tude, is best considered in connexion with the elliptio IJJ- 
equality, and exactly the same results will follow. 
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L Thus calling 5, 0, and a' the true longitudes of the moon, 
un, and apse, the latter calculated on auppoaition of uniform 
notion, these two terms may be written, 

ii = a [1 + e cos( E - a') + ^me coa { J - a' + 2 (a' - o)]] 
= a[l+£cos(l)-a' + S)]; 
where ScosS = e4 ^me coa2(a' — ©}, 

-EsinS^ ^me&m2{(^- q). 
These are identical with the equations of Art. (70). 

Variatum. 
86. To eiqilain the effect of the term wi'(ioosj{2-2m) 5-2^], 
M = d [I + m' COB {(2 - 2m) - 2/3|] 
= a[H-m" 0052(5-0)]. 
As far as this term is concerned, the moon's orbit would 
:ie an oval having its longest diameter in quadratures and 
east in syzygies. Prtnci'pta, lib. 1., prop. S6, cor, 4, 
The ratio of the axes of the oval orbit will be 

^j — ■ — i= §S nearly, m being ■0748. 
See Principta,, lib. III., prop. 28. 



87. The last important periodical term in the value of u 

— cos2{g0 — '^). 

This, when increased by a constant, is approximately the 
Terence between the values of u in the orbit and in the 

ecliptic. 
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For if Wj be the reciprocal of the value of the radius 
vector in the orbit, 

Wj = w cos (latitude), 

= ^(1^^«) =^(1 - i^"), nearly, 

therefore w — m^ = ^iis^ = ^aJt? sin* {gO — 7) 

= JoA* - JoA? cos2 (^5 - 7) 
= const. — JoA* cos 2 (^5 — 7). 

88. The remaining terms in the value of u are of the 
third order, and therefore very small: one of these corre- 
sponds to the annual equation in longitude Art. (75), where 
it is of the second order, having increased in the course of 
integration. 

Periodic time of the Moon. 

89. We have seen. Art. (65), that the periodic time of 
the moon is greater than if there were no disturbing force; 
but this refers to the mean periodic time estimated on an 
interval of a great number of years, so that the circular 
functions in the expression are then extremely small com- 
pared with the quantity pt which has imiformly increased. 

When, however, we consider only a few revolutions, these 
terms may not all be neglected. The elliptic inequality and 
the evection go through their values in about a month, the 
variation and reduction in about half-a-month ; their effects, 
therefore, on the length of the period can scarcely be con- 
sidered, as they will increase one portion and then decrease 
another of the same month. 

But the annual equation takes one year to go through its 
cycle, and, during this time, the moon has described thirteen 
revolutions; hence, fluctuations may, and, as we shall now 
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itew, do take place in the lengths of the sidereal months 
luring the year. 

We have, considering only the annual equation, Art. (75), 
pt=e + Sme'sm{m0 + 0-^}. 

Let T be the length of the period, then when ff is in- 
creased by Stt, ( becomes / + T; 

therefore p{t+T) = 2Tr+8 + Sme' sin (2wi»r + m^ + ^ - ?), 
whence pT^2-7T + Gme sinmTT Cos(»nr + m^ + i8- f] ; 

therefore ?'=inean period -+-- — ■ sinwiTr cos[0 — f), 

where O =«ifl + ;S+ wi7r=sun'3 longitude at the beginning 
of the month + iwtt 
= sun's longitude at the middle of the month. 
Hence T will he longest when — I^= 0, 
and shortest when O — ^—w, 
or Twill be longest when the sun at the middle of the month 
la in perigee, and shortest when in apogee ; but, at present, 
the sun is in perigee about the Ist of January, and apogee 
about the 1st of July^ therefore, owing to annual equation, 
the winter months will be longer than the summer months, 
the difference between a sidereal month in January and July, 
from this cause, being about 20 minutes. 

90. All the inequalities or equations, which our expres- 
sions contain, have thus received a physical interpretation. 
They were the only ones known before Newton had estab- 
lished his theory, but the necessity for such corrections was 
fully recognized, and the values of the coefficients had already 
been pretty accurately determined; still, with the exception 
of the reduction, which is geometrically necessary, they were 
Jrections empirically made, and it was scarcely to be ex- 
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pected tliat any but the larger inequalities, viz. those of the 
first and second orders which we have here discussed, could 
be detected by obaervation: wa find, however, that three 
others have, ainee Newton's time, been indicated by obser- 
vation before theory had explained their cause. These are— 
the secular acceleration^ discovered by Halley ; an inequality, 
found by Mayer, in the longitude of the moon, and of whicli 
the longitude of the ascending node is the argument; anJ 
finally an inequality discovered by Biirg, which has onlyuf 
late years obtained a solution. For a further account of i 
these, as also of some other inequalities which theory hu I 
made known, see Appendix, Arts. (99), (100), (lOI), [my , 
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CHAPTER VII. 



APPENDIX. 



ji this chapter will be found collected a few propositions 
nately connected with the results or the processes of the 
ar Theory a8 explained in the preyions pa^8. Refer- 
) has been made to some of them in the course of the 
k, and the interest and importance of the others are 
cient to justify their introduction here. 

)1. The moan is retained in her orbit by the force of 
nty^ tiuzt isj by the same force which acts on bodies at 
surface of the earth. 

rhe proof of this is merely a niunerical verification ; the 
I required from observation are, 

space fallen through from rest in 1" by bodies at the 
earth's surface =16*1 feet, 

radius of the earth =4000 miles, 

periodic time of the moon =27|^ days, 

distance of the moon from the earth's centre=60x4000 miles. 

) force of the earth's attraction oc , ,. .^ . Therefore, the 

50 fallen through in 1" at distance of moon by a body 

16'1 
ring from rest under the earth's action = — y- feet 

= -00447 feet. 
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Sir i 

But the moon in one second des^-ibes an angle ^^^^M 

during which the approach to the earth 

= 60 X 4000 X 5280 (vers. ©) feet 

_ 60 X 4000 X 5280.27?^ . 
" (27i)^(24)^(60)* ^^^ 

= -00448 feet. 

Therefore, the space through which the moon is deflected 
in one second fi*om her straight path, is just the quantity 
through which she would fall towards the earth, supposing 
her to be subject to the earth's attraction, and we may, 
therefore, conclude that she is retained in her orbit by the 
force of gravity. 

When first Newton, in 1666, attempted to verify this 
result, he found a difference between the two values equal 
to one-sixth of the less: the ifeason of his failure was the 
incorrect measures of the earth, which he made use of in 
his computation; and it was not till about 16 years later 
that he was led to the true result, by using the more 
correct value of the earth's radius obtained by Picart. 

Principtay lib. m.^ prop. 4. 

92. The moon's orbit is everywhere concave to the sun. 
Let Sj Ej and M be the centres of the sun, earth, and 

moon. We must bring the sun ^^ 

to rest by applying to each ^ — — ' '^ / 

body forces equal and opposite ^ J(t 

to those which act on the sun; but these are so small that 
we may neglect them and consider the moon as moving 
round the sun fixed, and disturbed by the earth alone. 

The forces on Jf are, therefore, -^^ in M8y 

E 
and ^^ mME. 
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This last must be resolved Into two, one in M8^ the other 
perpendicular to it. 

Therefore, the whole central force on the moon in MS 

_ m' E ^ 
^ BW^ EIP ^ ' 

Y and the proposition will be proved if we shew that this force 
is always positive. 

T,, . J J ^ir.SG^ 2ir.SM^ 
I^ow, period round sun = j^ — = j^ — nearly, 

and • eartn = = t-*^ — ^-^^ i 

therefore ^ = jj^ -^^ nearly ; 

therefore ^^ > j^-g ^^ , 

m' 8M E E 

therefore -^^ — -^rg^ is positive : 

but the least value of the central force corresponds to 

m! E 

oosif = — 1, and is then -^™ — 'Wlin ' ^^ "*' therefore, 

always positive, or the path always concave to the sun. 

At new moon the force with which the moon tends to the 
fRm is, therefore, greater than that with which she tends to 
&e earth: the earth being itself in motion in the same 
direction, and, at that instant, with greater velocity, will 
easily explain how, notwithstanding this, the moon still 
revolves about it. 
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Central and Tangential Disturbing Forces. 

93. We have hitherto considered the effects of the central 
and tangential disturbing forces in combination; but it will 
be interesting to determine to which of them the several in- 
equalities principally owe their existence. 

(1) To determine the effect of the central disturbing force. 

Make r=0: 

, n d\ P 

therefore ^^ 4 1« — rr-s = 0, 

P 

or substituting for 75—, from Art. (45), 



d' 



u 



l-|A*-|m"-|-f w*e cos(c5-a)-fm* cos{(2-2»i)^-2i8} 
^ +w=a / + f wi'e cos {(2 - 2w - c) 5 - 2^9 + a} 

+ \F cos2 (5r0-7)-|mV cos(w5+)8~^); 
therefore, 

!l-|**-im*+ecos(c0-a)+im*cos{(2-2m)^-2i8} 
+ 3^ecos{(2-2w-c)^-2)8 + a} 
- \¥ cos2 {g6-i)- fmV (io^[m0+fi^^). 

If we compare this with the value of u found Art (48), we 
see that the elliptic inequality, the reduction, and the aimual 
equation are due to the central or radial force, as also one 
half of the variation and about a third of the evection. 

It would perhaps be proper to separate the absolute cen- 
tral force from the central disturbing force; the terms due 
to the latter are those which contain m ; therefore, the dlipfic 
inequality and the reduction are the effects of the former, 
except that in the elliptic inequality the introduction of c, or 
the motion of the apse, is due to the disturbing force. 

(2) To determine the effect of the tangential disturbing fbrce. 

Let the central distv/rbing force be zero ; 



/; 
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then T7-2 = P (-'^ *" f **) ~ ® neglecting the Inclmation, 

it u ft 

T 
— =-|m' sm{(2-2w) 5-2^} 

+ 3w*€sm{(2-2w-c)5^2^ + a} 
omitting the term of the fourth order, 

M = a {1 + e co8(c^ — a)} ; 

ihwefore rn. -^^ = fw*a6 cos {(2 - 2m - c) 5 — 2^ + a}, 
Aw ac/ 

T 

Y^d0 = |m» C08{(2 - 2m) 0-2/9} 

- 3m'e cos {(2 - 2w - c) - 2)8 + a}, 

— - + 1« = a to the first order. 
dff^ 

Substitutmg these values in the differential equation 

rf^tt _ P T du fd^u \ CT'^ 

1 - f m^ cos {(2 - 2wi) - 2/3} 

. + V«*''«cos{(2-2w-c)0-2/8 + a}; 

, _ fl+ecos(c0-a) + ^m"cos{(2-2m)0-2/8} 

1 +fJwi6CO8{(2-2m-c)0-2/8 + a}. 

We have here the remaining half of the variation and rather 
more than two-thirds of the evection as the effects of the 
tangential disturbance. Also c = 1, or, to the second order, 
the tangential force has no effect on the motion of the apse. 

The inequalities in the longitude could be easily obtained 
fix)m the relation 

^ 1 

but they would lead to the very same conclusions as the 
discussion of the values of u. 



= a< 



*,. 



LUKAB TH£OKT. 



aitu ofc ta th« third orrkr. 

iVc BMt ban mi^ uae of tlie reeolta vriiic]i | 

MtMOi to Um neoad ardfir have famished; 

I wf o M < ii*Mm i »d hj that term ot' the differt 
«Wm Myaa a t is c0 — ce, we need onlv ( 

■» wkick br dmr combinations will lead to it « 
order thui the fourth. 
' tbe argnmentB by omittiiig ^, i* d 
k '■^f Im aopfiliBd bv remarking that rJ - 
t^i0i» «wMk a* OBA symbol, c aod m will t 
Mt n siigkin^nib ttiem. This only applies tu I 






iV 



p 

W ,*'-,! +3 «M(2-2wJl |1-3«cob(c) 

B + -V«w«J<»(2-2in-fi)! 

^^^ _,-«»B\U-3«l)[l-4«a»(c)-4i»*ca8[9-2wl 

^^^^^^H — ^nw coe('2— 2iA'CJi 

^^^^ft^'\ -^1 ;- VM«M3ui(2-a»i-<']{ 

mt ^. 
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the other tenn Is of the fifth order, 

r T 

1^5-8 e?5 = |m* cos(2— 2w)— Bm^e cos(2— 2m— c) — ^m^e cos(c), 
2 rT^ + wJ=2a{l4...-3m*cos(2-2m)+^m*ecos(2-2m-c)}; 

(cPu \ r T 
jm + ^l /t5-8^^= — ^rn^ae coa{c). 

Substituting in the equation for u^ 



+ 



P T du ^ Id^u \ [T j^ 



de* 

= a{l + (fw*e+ W^'^"ll»^'^+ V^'^) cos(c)+...} 

Assume i«=a{l+e cos(c) +...}; 

therefore oe (1 - c^) = (f m'e + W^'^) « ; 

therefore c = 1 — f w* — ^rn?. 



To find the value of ^ to the third order. 
95. This is to be obtained in a very similar manner from 

def 



dh 
the equation -^^ + « = &c. We shall, in the argument, write 



giorgO-ri. 

8=^k[mi{g) + |w sin(2 — 2m — jr)}, 

-TiF 2^{l+co8(2-2m)}, 

T Sm'a* . ,„ „ ^ 



S5i 



irs 



TUEOKT. 



^^ "Jv^wvV 






-y)/ 



ti ~ *' '*'^'* ^'^ ^ t^ '^'^» .^ ~ *" ~ y) ; 



•Vanhv^V 



• 


4«^ 


■ 


- ^m*h ain(y), 




»■• s - 


?inc» vj£ 


^ tikird order; 


;• 


'w 


> ■ r- 





1: 



if 



1 



^i^ ;v4\uv * .^ »■ > .*" ^ itf = »\ tt> die fourth order. 



,*< 



\i'VW, 






'lie 
ir 



,. Ill iM.'i»x«:4 -'i 'iVvlV 



* 1 a ^.3 



S-Sw 



) 



.. » .1. ^. .. ,^ 'usuix. s%^^ i<\* :iiat tie ntoon*s apse pr^ i 

I.. .'» vv iis' ^*i *u^»iku-*5. ^ceilices* «t is extremely 

H, I .. ,;» .\;*ssiiv .»uu' •A>uiid Jupiti^r is only a few of 

I.. , . Ill I I a, 'xiivsiu luiw ji Jupiter roand the suD 

' « • • .'• \x.vt., s:ui iwu-iOiv- «, :iw ratio o£ diese periods, 

• • . Ml ill 

II .. , ii» ij'..v •; uv 'V 'u^iter':> satellites progredfiS 
' •• , ini't. I ■ i»|*iu, *v.:i^ -Jivvi^ ii\wriy the :34mie velocity 
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as the node regredes, aawiTning these motions to be due to 
the sun's disturbing force; they are, however, principaUy 
dxie to the oblateness of the planet. 

Parallactic Ineqwdity, 

97. In cariTing on the approximations to a higher order, 
it is found, as we stated Art. (55), that the expressions for 

Trr and yj-j contain die terms — f«i*a -p — rj-=. — cos(^- ff\ 

and — |m* ^ — =^ — sinf^ — ^) respectively. 
JL 4" -Jju. a 

Since - = :j J^, nearly, is of the second order, these terms 
a 

are of the fourth order, but the coefficient of 6 being near 

unity, they will become important in w, and therefore in ^, 

Art. (27). 

We can easily obtain the terms to which they give rise 

m the values of u and d, 

A&= -Kf^^8in{(l-m)^-/3), 

M = a{l-e cos(cd — a) + }, 

-^ = ae sln(c^--a) ......; 

therefore 

tTIl -77i = 0, to the fourth order, 

+ w = a, to the second order, 



/; 






Av'^^^ +K:e:^-«>s{(i-H^-^}. 
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Substituting in the differential equation for w, we get 
^ + w=a 1+ -x^w«^^_^- cos{(l-m)^-^j+.. 

Assume u=a 1+ '^^'w — i? ~"^®{(^"■^)^"i®}+•• 
therefore A = ^ — 7^^^ ri = — 4#w ; 

1 — (1 — m) ^ ^ ^ 

therefore w=a 1-f — |^7w^i— ?>- cos{(l— m)^-'^}+... . 

98. The corresponding term in the value of B will also 
be of the third order, 

^« = ^L''^ + ¥^;^:^-cos{(l-m)e-^} + J, 

I f^ 3 <?d is of the fourth order and will not rise in t ; 
therefore 

|=^h + V-i=^^'cos|(l-He-/31+...], 

^=^[«+ H-V-f^|^'Bin{(l-m)^-/3}+...], 

and = pt + — V^"e? — iff"" Bin{(l — «i)jp^— ^}-f ... 

This term, whose argument is the angular distance of Hie 

Sim and moon, is called the parallactic inequality on account 

of its use in the determination of the sun's parallax, to 

which purpose it was first appUed by Mayer by comparing 

\e analytical expression of this coefficient with its value 
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as deduced from observation. The values of m and of ^rv, 

and therefore, of -^ — ^^^ being pretty accurately known, — 

will be determined, that is, the ratio of the sun's parallax 
to that of the moon : but the moon's parallax is well known ; 
therefore, also, that of the sim can be calculated. The value 
so obtained for the sun's parallax is 8'63221", while those 
given by the two last transits of Venus fall between 8'5" 
and 8-7".* 

Secular Acceleration. 

99. Halley, by the comparison of ancient and modem 
eclipses, found that the moon's mean revolution is now per- 
formed in a >horter time than at the epoch of the recorded 
Chaldean and Babylonian eclipses. The explanation of this 
phenomenon, called the secular accelefraiion of the moorCs mean 
motion^ was for a long time unknown: it was at last satis- 
factorily given by Laplace. 

The value of ^, Art. (50), on which the length of the 
mean period depends, is found, when the approximation is 
carried to a higher order, to contain the quantity d the 
eccentricity of the earth's orbit. Now, this eccentricity is 
undergoing a slow but continual change from the action of 
the planets, and therefore p, as deduced from observations 
made in different centuries, will have different values. 

The value of p is at present increasing, or the mean 
motion is being accelerated, and it will continue thus to in- 
crease for a period of immense, but not infinite duration; 
for, as shewn by Lagrange, the actions of the planets on 
the eccentricity of the earth's orbit will be ultimately re- 

» - I I. ■ . ■ . . ■ ■ 1 I ■ ■ I ■ 

• Pontecoulant, Syatdme du Monde, vol. tv. p. 606, 
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versed, e will cease to dimmis)i and liegin to increase, ail 
consequently p will begin to decrease, and the secular ol 
o hration will become a secular retardation. I 

It is worthy of remark that the action of the planet^^ 
tlie moon, thns transmitted through the earth's orbit, ia ^^H 
considerable than their direct action. ^| 

Inequalities depending on tJte Fipire of the EarA. H 
100. The earth, not being a perfect sphere, will not ^M 
tract as if the whole of its mass were collected at its centz^f 
lience, some correction must be introduced to take into iS 
count this want of sphericity, and some relation must esSH 
between the ohlateueas and the t^sturbance it produces. 
Laplace m examining its effect foimd that it satisfactorilv 
explained the introduction of a term in the longitude of tlu 
moon, which Mayer had discovered by observation, and the 
argument of which is the trne longitude of the moon'a as- 
cending node. 

By a comparison of the observed and theoretical values 
of the coefficient of this terra, we may determine the ob- 
latonesB of the earth with as great accuracy as by actnal 
I on the surface. 



101. By pursuing his invoatigations, with reference 
the oblateness, in the expression for the moon's latituc 
Laplace found that it would there give rise to a term in 
which the argument was the true longitude of the moon. 

This term, which was unsuspected before, will also serve 
to determine the earth's oblateness, and the agreement with 
the result of the preceding is almost perfect, giving ths 
compression 3^5,* which is about a mean between the 
ferent values obtained by other methods. 

* Pont^coulant, Hyalimn du Monde, vol. v. 
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Perturbations due to Venus. 

102. After the expression for the moon's longitude had 
tn obtained by theory, it was found that there was still 
% slight deviation between her calculated and observed places, 
and Biirg, who discovered it by a discussion of the observa- 
tions of Lahire, Flamsteed, Bradley, and Maskelyne, thought 
it could be represented by an inequality whose period would 
be 184 years and coefficient 15". This was entirely con- 
jectural, and though several attempts were made, it was not 
accounted for by theory. 

About 1848, Professor Hansen, of Seeberg, in Gotha, 
having commenced a revision of the Lunar Theory, found 
two terms, which had hitherto been neglected, due to the 
action of Venus. One of them is direct and arises fipom 
a < remarkable numerical relation between the anomalistic 
^motions of the moon and the sidereal motions of Venus 
^•and the earth ; the other is an indirect effect of an inequality 
*^ long period in the motions of Venus and the earth, 
*%hidi was discovered some years ago by the Astronomer 
<Boyal.'* 

The periods of these two inequalities are extremely long, 
one being 273 and the other 239 years, and their coefficients 
are respectively 27*4" and 23'2". 'These are considerable 
* quantities in comparison with some of the inequalities already 
^recognised in the moon's motion, and, when applied, they 
^arc foimd to accoimt for the chief, indeed the only re- 
^maining, empirical portion of the moon's motion in longitude 
*of any consequence; so that their discovery may be con- 
^^sidered as a practical completion of the Limar Theory, 



* Keport to the AnniiaL General Meeting of the Royal Astronomical 
lociety, Feb. 11, 1848. 
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^ at least for the present astronomical age, and as establi^hmg 
' the entire dominion of the Newtonian Theory and its ana*-^ 
' lytlcal application over that refractory satellite.'* 



Motion of the Ecliptic, 

103. We have seen, Art. •(14), that our plane of reference 
is not a fixed plane, but its change of position is so Aoi^ 
that we have been able to neglect it, and it is only whei9> 
the approximation is carried to a higher order, that th9 
necessity arises for taking account of its motion. 

It has been found to have an angular velodty, about on. 
axis in its own plane, of 48'' in a century, and the correctioix 
thus introduced produces in the latitude of the moon a term 

— c© cos(^ — ^), 

where ct> is the angular velocity of the ecliptic, - the angular 

c 

velocity "with which the ascending node of the moon's orbit 

recedes from the instantaneous axis about which the ediplic 

rotates, ^ the longitude of this axis at time ty and the 

longitude of the moon at the same instant. 




Let fAm be the position of the ecliptic at time t^ 

A the point about which it is turning, T^ = 0, 
MN the moon's orbit, if the moon, and Mm a perpen- 
dicular to the ecliptic ; Tw = 6 ; Mm = lat. = /8. 
i the inclination of the orbit, and N the long]^ 

tude of the node. ■ 

k 

* Address of Sir John Herschel to the Meeting of the Hoyal ABtrof 

nomical Society. I 
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Let APN'm* be the ecliptic after a time Zt. 
Any point whose longitude is L may be considered as 
moving perpendicularly to the ecliptic with a velocity 

to sm[L — <!>). 

Hence, the point N will move in the direction NP with 
a velocity 6> sm{N— ^). And N' will move along FN" with 
a velocity a> sin {N— <f>) coti ; 

\ dN 

therefore -^ = cd sin [N^ ^) coti. 

Again, the point of the ecliptic 90** in advance of N^ 
wfll move towards the moon's orbit with a velocity 

© sin(90 + -N'-«^); 
therefore -^ = — cd cos [N— ^). 

Now, cott, ct), and t = — iJ^a,y be considered con- 

Slant in mtegrating ; 

fterefore iN^ cto cos {N— ^) cot i, 

W= ctt) sin {N— ^), 
and if NM= '^, we have 

S^jt = , = — J—. cos(^- 6). 

^ cost smt ^ ^' 

Now, sinj8 = sin«.sin'^; 
cos j8 . 5/3 = cost. sin-^. &*+ sint. cosifr . 5-^ 

= c© {cost sin-^ sin(-^— ^) — cos-^ cos(^— ^)}, 

hit costtsin-^sscos/S sin{0-'N) and cos'^ = cosj8cos(^— ^ : 

firefore Sfi=^ — c(D cos {0 — ^). 

The discovery of this term is due to Professor Hansen ; 
*,oefficient is extremely small, about 1'5"; but, being of 
tally diflferent nature from those due to successive aj^- 
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i Ha . . .. « d{N^4)) . . ^ 

^ ^ IS tne ratio oi (o : , , supposing 9 to remain con- 

ttant, which is nearly the case ; therefore, 

na 9-3 X 0-48" , ^«,,* 

<?« = —- = — ^ ~ = 1*42 .* 

27r 3*14 



Note on the Numerical Values of the Coefficients, 

104. When the periods of two of the terms, ip the third 
method given in Art. (62), differ but slightly, for instance if 
9 and ^ go through their periodic variations very nearly in 
fte same time, the method could not then with safety be 
Implied; for, since the same values of and ^ would very 
nearly recur together during a longer time than that through 
which the observations would extend, the two terms would 
be so blended in the value of V that they would enter nearly 
88 one term — the difference between and (f) would be very 
nearly the same at the end as at the beginning of the series 
of observations. 



105. Let us suppose the periods to be actually identical, 
80 that ^ = d H- a, a being some constant angle ; then 

-Bsind-|-(7sin<^ 

toy be written {B-\-C cos a) sin^ + (7 sin a cosd, 

IT V=A + {B'\-C cosa) sin^+ (7sina cos^+ 

If now we divide the observations, as before, into two 
[)|ts, corresponding to the positive and negative values of 



This affords the solution of a problem proposed in the Senate-House 
le January Examination of 1852. Question 21 ^ Jan. lis 
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sin^, the terms involving cosd will disappear in the sai 

mation of each set ; and following the process of the meth< 

will give 

B-^-G cosa = M suppose. 

Dividing again into two sets corresponding to the positi 
and negative values of cosd, the terms in And will be ca 
celled, and the same process will give 

C sina = ^ suppose. 

Treating the observations in the same way with resp( 
to the angle ^, we get two results, 

G+BQo%a = M\ 

— B sina = -Ar; 

from these four equations we easily get 

M'N+MN' M'N-^MN' 

M^-'M'^ iV or- N^^N'^ ^» 

M^ N^ M\ N' are connected by the equation of condition, 

When the periods of and ^ are nearly, but not exact!; 
the same, this equation of condition will not hold, and tl 
preceding values of B and C would not be exactly correc 
but yet they would be very approximate, especially if tl 
mean between the two values of B be taken. 

106. We may also, after having taken one of the 
slightly erroneous values for 5, make a further correctly 
by establishing as it were a counterbalancing error in ti 
value of C. Let B' be the value so found for B ; then, ifro 
the V of each of the observations subtract the value B' sliji 
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the result ZZwIll be very nearly equal to -4 + (78iii^-f &c., 
and from the n equations 

U^==A + Gsm4>^+ 

Z7, = ^+(7sm^,+ 

U^^A + C8m<l>^+ 

a value C of G will be obtwied, by the rule of Art. (62), 
^hich will be very approximate, and, at the same time, 
agree better with 5' Z Batisfykg th^ equations than G 
itself would do. 

107. When two terms whose periods are nearly equal do 
occur, It Is plain, by examining the values of M and if', that 
the errors which would be committed by following the rule, 
without taking accoimt of this peculiarity, would be the taking 
5+ (7 cosa and (7+ 5 cos a for B and G respectively. 



^^ 
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Let BAM be a circle, GA a radios, E a point in AO 
near (7; CB, ED two parallel 
lines making an angle a with 

Suppose a body if to de- 
scribe this circle nniformlj with 
an angular yelocity p^ the time 
lemg reckoned from the instant 
when the body was at B^ and the 
longitude as seen from E being 
. leckoned from the line ED ; 

fterefore DEM^d, BCM^pt^ 

AEM^e-a. ACM^pt'-a. 

EG . 

Now YnTf is a small fraction, and if we represent it by 6, 

we shall have 

BmM=^Yn\r Bin-4-EAf 

= 6 sin(^- a) 

= 6 sin(;?^+if— a), 

tan Jf = ^Mpt-«) 

1 — e cos(p^— a)' 

Ais would give Jf, and then by the formula 0=pt + M, 

This was called an eccentric^ and the value of e was called 
the eccentricity^ which, for the moon, Hipparchus fixed at 
sin5^ 1'. 

1 10. Another method of considering the motion was by 
means of an epicycle^ which led to the same result. 

A small circle Pif, with a radius equal to EG of previous 
;ure, has its centre in the circumference of the circle BPD 
hich has the same radius as that of the eccentric), and 
)ves round E with the uniform angular velocity p^ the 
3 body M being carried in the circumference of the smaller 
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circle, the radlns PM remaimng parallet 

is the same thing, revolying 

from the radius PE with the 

same angular velocity p^ so 

that the angle EPM equals 

PEA. 

Now, when the angle AEP 
equals the angle ACM of the 
former figure, it is easily seen 
that the two triangles EPM^ 
ECM are equal, and there- 
fore the distance EM and the angle AEM will be the same 
in both, that is, the two motions are identical. 

111. The value of e being small, we find, rejecting ^, Ac^ 

if=6 sin(p^- a), 

therefore 6 =j[ft-he sin {pt — a). 

J£ we reject terms of the second order in our expresaon 
for the longitude, and make c= 1, we get, Art. (51), 

0=pt + 2e 8in(^^— a), 

which will be identical with the above if we suppose the 

eccentricity of the eccentric to be double that of the elliptic 

orbit. 

Ptolemy (A. D. 140) calculated the eccentricity of the 

moon's orbit, and found for it the same value as HipparchuB| 

viz. 

sin5^1' = 3^, nearly. 

The eccentricity in the elliptic orbit is, we know, about -^^ 
These values will pretty nearly reconcile the two values of 9 
given above, and this shews us, that for a few revolutions the 
moon may be considered as moving in an eccentric, and hei^ 
positions In longitude calculated on this suppo^tion will 
lOorrect to the first order. 



r 
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|. Her difftaaices from the earth will not however agree ; for 
pjtiie ratio of the calculated greatest and least distances would 

be — ^ or If, while that of the true ones would be - — ^ 

or f ^, which differ by j^. 
I It would, therefore, have required two different eccentrics 
[ to account for the changes in the moon's longitude and in 
I her radius vector. Changes in the latter could not, however, 

be easily observed with the rude intruments the ancients 

possessed, and it was very long before this inconsistency was 

detected. 

112. We have said that the moon's longitude, calculated 
I on the hypothesis of an eccentric, will be pretty accurate for 
9kjkw revolutions. 

The data requisite for this calculation are, the mean 
angular motion of the moon, the position of the apogee, and 
the magnitude of the eccentricity. 

But it was known to Hipparchus and to the astronomers of 
lus time, that the point of the moon's orbit where she seems 
to move slowest, is constantly changing its position among 
the stars. Now this point is the apogee of Hipparchus's ec- 
centric, and he found that he could very conveniently take 
account of this further change by supposing the eccentric 
itself to have an angular motion about the earth in the same 
direction as the moon herself, so as to make a complete revo- 
lution in about nine years, or about 3° in each revolution.* 

This motion of the apsidal line follows also from our 
expression for the longitude, as shewn in Art. (66). It is 
there, however, connected with an ellipse instead of an ec- 



t 



* On the supposition of an epicycle, this motion of the apse could as 
sily be represented by supposing the radius which connects the moon 
ith the centre of the epicycle to have this uniform angular velocity of 
jout 2)* in each revolution, and also in the same direction. 
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centric; and though the diacovery that the tlUptJc is the 
true form of the fiindaiiiBntal orbit was not the next in the 
order of time after those of Hipparchufl, yet, as all the irre- 
gularities which were discovered in the intervening soveiiteen 
centuries are common both to Hipparchns's eccentric and to 
Kepler's ellipse, it will be as weU for os to consider at once 
this new form of the orbit. 



Elllpik. Fiyrm of the Orbit. H 

113. We need not dwell on the steps which led to tlua 
great and important discovery. Kepler, finding that the 
predicted places of the planet Mare, as given by the circolar 
theories then in use, did not always agree with the computed 
ones, sought to reconcile these variances by other combina- 
tions of circular orbits, and after a great number of attempts 
and failures, and eight years of patient investigation, he 
found it necessary to discard the eccentrics and epicycles 
altogether, and to adopt some new supposition. An ellipse 
with the sun In the focus was at last his fortunate hypothi 
whicli was found to give reaults in accordance with 
vation; and this form of the orbit was, with equal succew, 
afterwards extended to the moon as a substitute for the 
eccentric: but the departures fi'oin elliptic motion, due to 
the disturbing force of the sun, are, in the case of the moon, 
much greater than the disturbances of the planet Mars by 
the other planets. 

In Kepler's hj-pothesis, then, the earth is to be considered 
as occupying the focus of an ellipse, in the perimeter of which 
the moon is moving, no longer with either uniform linear or 
angular velocity, but in such a manner that the radius vectoi 
sweeps over equal areas in equal times. 

This agrees with our investigation of the motion 
bodies, Art. (10). 
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Evection. 

114. The hypothesis of an eccentric, whose apse line has 
. p,«6»„i,e «Xo., » conceived b, Hlpp^chJ, «rr.d U. 
calculate with considerable accuracy the circum3tances of 
eclipses; and observations of eclipses, requiring no Instru- 
ments, were then the only ones which could be made with 
safficlent exactness to test the truth or fallacy of the sup- 
position. , 

Ptolemy (A.D. 140) having constructed an Instrument, by 
means of which the positions of the moon could be observed 
' in other parts of her orbit, found that they sometimes agreed, 
but were more frequently at variance with the calculated 
places ; the greatest amount of error always taking place at 
quadrature and vanishing altogether at syzygy. 

What must, however, have been a source of great per- 
plexity to Ptolemy, when he attempted to Investigate the 
law of this new Irregularity, was to find that it did not 
return In every quadrature,— in some quadratures It totally 
disappeared, and In others amounted to 2° 39', which was 
Its maximum value. 

By dint of careful comparison of observations, he found 
that the value of this second Inequality in quadrature was 
always proportional to that of the first in the same place, 
and was additive or subtractive according as the first was 
80 : and thus, when the first inequality in quadrature was at 
its maximum or 5° 1', the second increased it to 7° 40', which 
i^as the case when the apse line happened to be in syzygy 
*t the same time.* 



* It would seem as if Hipparchus had felt the necessity for some further 
)dification of his first hypothesis, though he was unable to determine it ; 
* there is an observation made by him on the moon in the position here 
ecified when the error of his tables would be greatest ; and at a time also 
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1 such a maimer that each of the angles ffEd^ 8'EB! may 
•e equal to the synodical motion of the moon, that is, her 
Clean angular motion from the sun ; 8E8* being the motion 
f the sun in the same time. 

Now we have seen, Art. (110), that the first inequality 
eas accoimted for by supposing the epicycle BM to move 
Qto the position rm, r and B being at the same distance 
torn J?, and rm parallel to JSJf,* the first inequality being 
he angle rEm. But when the centre of the epicycle is at 
B*, and B!M* is parallel to rw, the inequality becomes B'EM'y 
md we have a second correction or inequality mEM'. 

116. That this hypothesis will account for the phenomena 
observed by Ptolemy, Art. (114), will be readily understood. 

At syzygies, whether conjimction or opposition, the centres 
f the eccentric and epicycle are in one line with the earth 
ad on the same side of it ; the points r and H coincide, as 
Iso m and M'. Hence mEM' = 0. 

At quadratures (figs. 1 and 2) c* and £' are in a straight 
ne on opposite sides of the earth, and therefore B' and r at 



Fig. 1. 



Fig. 2. 



8 





'.•-f,^:m 



beir furthest distance. K, however, M' and m be at the 
ame time in this line, or, in other words, if the apse line 



For simplicity we leave out of consideration the motion of the apse. 
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be in qnadratores (fig. 1), the angle mEM* inU idU be aero, 
or there will be no error in the longitude. Bui, if the spee 
line is in sjzjgy (fig. 2), the angle mEW attaim its greatest 
value.* 

Ptolemy, aa we have said, found this greatest Tsloe to be 
2' 39', the angle mEr being then 5^ 1'. 

117. Copernicus (a.d, 1543), having seen that Ptolemy's 
hypothesis gave distances totally at variance with the obseiv 
vations on the changes of apparent diameter,t made another 
and a simpler one which accounted equally well for the in- 
equality in longitude, and was at the same time more correct 
in its representation of the distances. 

Let E be the earth, OD an epicycle whose centre G de- 
scribes the circle C'GC" about E with the moon's mean 
angular velocity. 



A' 

*sr" :. 

4'.'". 




Let COj a radius of this epicycle, be parallel to the apse 

* If Ptolemy had used the hypothesis of an eccentric instead of am 
epicycle for the first inequality of the moon, an epicycle would hxtk, 
represented the second inequality more simply than hU method didi' i 
Dr. WheweU's History of the Inductive Sciences, vol. i. p. 230. t I 

t See Delambre, Ast, Modeme, vol. i. p. 116. WheweU's EiOory i 
Inductive Sciences, vol. i. p. 395. 
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I 

; line BA^ and about O as centre let a eeco&d small epicycle 
be described, the radii 00 and OJf being so taken that 

^ CO-OM . ^o,, .00+OM . ^o,^, 
A ' jfr"" » sin5 1 , and ^ ,*, — ;=» sin7 40 . 

The radius OM rnxxst now be made to revolve from the 

radius 00 twice as rapidly as EO moves from E8j so that 

the angle OOMmsij be always double of the angle 0E8. 

From this construction, it Mows that in syzygies the 

; angle 0E8 being 0° or 180", the angle OOM is 0° or 360° ; 

and therefore and M are at their nearest distances, as in 

tfie positions C" and 0'" in the figure. Then OM^^OO-OM, 

' and the angle GEM will range between 0** and 5° I', the 

i Ipreatest value being attained when the apse line is in quad- 

M,tur6« 

When the moon is in quadrature GS/S^OO** or 270°, 
and therefore^ (70if«180° or 540° and s^d M are at 
iheir greatest distance apart, as in the position C"] then, 
CMtt^ CO 4 OJf, and the angle OEM will range between 
at and 7° 40'^ the former value when the apse line is itself 
in quadrature, and the latter when it is m syzygy. 

118. Thus the restdts attained by Ptolemy's construction 
ire^ as far as the longitudes at syzygies and quadratures are 
concerned, as well represented by that of Copernicus; and 
the variations in the distances of the moon will be far more 
la^ct, the least apparent diameter being 38' 45" and the 
freatest 37' 3$"; whereas^ Ptolemy's iroidd make the greatest 
tamper 1\* 

The values which modem observations ^ve vary between 
^' 48" and 83' 32". 



* Delambre, Ast, Mcdeme, 







laOL IkAiL(n)y «• kMv rriiltwTif dte «&ct of 
■eeoad iM^Hfitr k aadko- i^t, ant sunpt; as a Bf^ 
ipuDtBy wlililiiwil t» the frit «r dEpdc iseqaaJitf, but 
fonnh^ a put of Aia fint; and thoefore, modifying ai 
constantlj altering the ecceotiicity and the nntfonn pr( 
gromon of the apse line. 

Boulliaud (A.D. 1645), by whom the term Evection w; 
f^nt niiplicil U) the second iaequalitj, seema to Lint at some 
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thing of this kind in the rather obscure explanations of Ms 
lunar hypothesis, which, never having been accepted, it would 
be useless to give an account of.* 

In Ptolemy's theory, Art, (115), the evection was the 
result of an apparent increase of the first lunar epicycle 
caused by its approaching the earth at quadratures; but, in 
this second method, it is the result of an actual change in 
Ae elements of the elliptic orbit. 

D'Arzachel, an Arabian astronomer, who observed in 
Spain about the year 1080, seems to have discovered the 
unequal motion of the apsides, but his discovery must have 
been lost sight of, for Horrocks, about 1640, re-discovered it 
*in consequence of his attentive observations of the lunar 
' diameter : he found that when the distance of the sun from 
*the moon's apogee was about 45** or 225°, the apogee was 
*more advanced by 25° than when that distance was about 
*135° or 315°. The apsides, therefore, of the moon's orbit. 
*were sometimes progressive and sometimes regressive, and. 
* required an equation of 12° 30', sometimes additive to their 
'mean place and sometimes subtractive from it.'t 

Horrocks also made the eccentricity variable between the 
'Imits -06686 and -04362. * 

The combination of these two suppositions was a means 
rf avoiding the introduction of Ptolemy's eccentric or the 
•cond epicycle of Copernicus : their joint effect constitutes 
4e evection. 



* Apr^s avoir etabli les mouyemens et les 6poques de la lune, Boulliaud 
Lent ^ Texplication de T^yection ou de la seconde in6galit6. Si sa th^orie 
pas fait fortune, le nom du moins est rest^. ' En mdme temps que la 
le ayance sur son c6ne autour de la terre, t<mt le aystime de la lune eai 
ilace ; la terre emportant la lune, rejette loin d'elle Tapog^e, et rap- 
oche d'autant le p^rig^e ; mais cette ^yection k des bomes fizzes.' 

Delambre, Hist, de VAst, Mod., torn. ii. p. 157. 
f- Small's Astronomical Discoveries of Kepler, p. 307. 
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UBU Ader tfae Samnry of die erectioii by Ptoleoi] 
" " ' " ~ " » dBpaed b«£>re aav fiuther i 

wladge of the moon's aoA 
tforedij»eB,i 
t lip Etafaaagi^ fKovETT^ tbe agreement ^ 
places was found 
: utf 4ligti diserepancy bei g 
) if uh— »MMm OF to the imper^ ^ 

a 
h T^Tcha BrabA ;a.d. 1580) with superior inatn ^ 
t «MMi{ii the nngie of his abeerratiom to all ioM 

t sDothur ineqaalitj rauiifeeUl > 
iMl KniS iiiWfitniT tfc» plac«s of the moon for diA 





phfl* u ^ octujts, Alt iB^ m the pmnta eqnaQj £itll 
ftcw aifv^sr **^ <|iM<kMbMte. Thu mooo's velocitj thenA 
w Air (B tibis inequalitT was ctHurerneii, was greatest at fl 
Uid iilD lanni. and Wast at the &rst and third qoarter.* 



' MCtoiiuiiiix at th.v tealii uenCurv, who r«eided U Cairoi uid 

• Bagdad in 975. dkcuveced a third isequslin of the moon, in 

• the two espwoiided by Ftulemy. the equation of the centre and 
' tion. This third xuniualit;, the Tatiatiati, is usually supposeii 

' been discovend by Tycho Bnhc. sis centimes laxer In an 

*of Aboul-Weft, a part iif which exjaes in the Royal Libtarr 

' after desciibing the two inequalities of the mDon, he haa s Section I 

' " Of the third anomaly of the moOD called Mu/Uxai or Pnammt" . 

' But this discovery of About- Wefa appears to hare excited no i 
■ among hii coDlempoTsries and fidlowers ; at least it had been long 
'forgotten, when Tycho Brahe, re-discovered the same lunar inequalit; 
—well's nut. of Indialice Sciaica. lol. i. p. 2t3. 
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Tycho fixed the maximum of this inequality at 40' 30". 
The value which results from modem observations is 
W 30". 

122. We have already two epicycles, or one epicycle and 
em eccentric, to explain the first two inequalities: by the 
introduction of another epicycle or eccentric, the variation 
also might have been brought into the system; but Tycho 
adopted a diflferent method:* like Ptolemy, he employed 
an eccentric for the evection, but for the first or elliptic 
inequality he employed a couple of epicycles, and this 
complicated combination, which it is needless further to 
iescribe, represented the change of distance better than 
Ptolemy's. 

To introduce the variation^ he imagined the centre of the 
larger epicycle to librate backwards and forwards on the ec- 
centric, to an extent of 40^' on each side of its mean position ; 
this mean place itself advancing uniformly along the eccentric 
with the moon^s mean motion in anomaly; and the libration 
was so adjusted, that the moon was in her mean place at 
syzygy and quadrature, and at her furthest distance from it 
in the octants, the period of a complete libration being half 
\ synodical revolution. 



Anrmal Equation, 

123. Tycho Brah^ was also the discoverer of the fourth 
inequality, called the annual equation. This was connected 



* For a fiill description of Tycho's hypothesis, see Delambre, Hist, de 
V AsU Mod,^ torn. i. p. 162, and An Account ^ the Astronomical Discoveries 
of Kepler i by Robert Small, p. 135. 
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with the anomalistic motion of the smi, and did not, likaf 
previous inequalities, depend on the poaition of the mooi 
her orbit. 

Having calculated the puBition of the moon correBpondfl 
to any given time, he found that the observed place l 
behind her computed one while the sun moved from peril 
to apogee, and before it in the other half year. 

Tycho did not state this distinctly, but he made a coifl 
tion which, though wrong in quantity and applied i 
indirect manner, shewed that he had seen the necessity a 
understood the law of this inequality. 

He did not try to represent it by any new eccentrici 
epicycle, but he increased by (8m, 13b.) am[aun'i 
the time which had served to calculate the moon's plai 
thus assuming that the tnie place, after that interval, 
agree with the calculated one, Now, as the moon i 
through 4' 30" in 8m. ISs., it is clear that adding (Sm. !■ 
am(j»«»i's anomaly) to the time is the same thing as s 
tracting (4' 30") e,\n[sun''s anomaly) from the calculated 4 
gitude, which was therefore the correction virtually i 
duced by Tycho.f Modem observations shew the coeffit^ 
to be 11' 9". 

We have seen, Art. (75), how this inequality mayl 
inferred from our equations. 



* That Ib, the equatloD of time which he used for t 
that quantity from that used for the aim, 

t Horrocks (163B) made the ODrrectlon in the Bami 
tmt ao iiicreaaed it that the coireBpoading coeflicieat 
oft' SO". Flamsteed v/aa the fii^t: r^ ^ppl7 the 
jiutend of tho time. 
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124. The next inequality in longitude which we have to 
consider, is not an inequality in the same sense as the fore- 
going ; that is, it does not arise from any irregularity in the 
motion of the moon herself in her orbit, hut simply because 
liat orbit is not in the same plane as that in which the 
ongitudes are reckoned, so that even a regular motion in 
he one would be necessarily irregular when referred to the 
other. Thus if NMn. be the moon's orbit and TNm the 
icliptic, and if M the moon be re- 
ferred to the ecliptic by the great 
circle Mm perpendicular to it, then 
MN and mN are 0°, 90°, 180", 270°, 
and 360° simultaneously, but they 
iifFer for all intermediate values: the difference between 
:hem is called the reduction. 

The difference between the longitude of the node and that 
if the moon in her orbit being known, that is the aide NM of 
:he right-angled spherical triangle NMm, and also the angle 
N the inclination of the two orbits, the side Nm may be 
calculated by the rules of spherical trigonometry, and the 
lifference between it and NM^ applied with a proper sign 
:o the longitude in the orbit, givea the longitude in the 
liptic. 
Tycho was the first to make a table of the reduction 
nstead of calculating the spherical triangle. His formula 

reduction = tan* \I &m2L — \ tan' \I sin4Z, 
where / is the inclination of the orbit and L the longitude of 
the moon diminished by that of the node. 

The first term corresponds with the term — ^i'sin3(3p< 
of the expression for 9. 
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Latitude of the Moon. fc 

125. That the moon's orbit is inclined to the ecliptic wis 
known to the earliest astronomers, from the non-recurrence 
of eclipses at every new and ftill moon; and it was also 
known, since the eclipses did not always take place in the , 
same part of the heavens, that the line of nodes represented 
by Nrij in the preceding figure, has a retrograde motion oa 
the ecliptic, N moving towards T. 

Hipparchus fixed the inclination of the moon's orbit to 
the ecliptic at 5°, which value he obtained by observing Ae 
greatest distance at which she passes to the north or soath 
of some star known to be in or very near the ecliptic, as fiff 
instance the bright star Eegulus ; and by comparing the re- 
corded eclipses from the times of the Chaldean astronomen 
down to his own, he found that the line of nodes goes round 
the ecliptic in a retrograde direction in about 18f years. 

This result is indicated in our expression for the value 
of the latitude by the term k sin (^^ — 7), as we have shewn 
Art. (78). 

126. Tycho Brah^ further discovered that the inclinalioa 
of the lunar orbit to the ecliptic was not a constant quantity 
of 5° as Hipparchus had supposed, but that it had a mean 
value of 5** 8', and ranged through 9' 30" on each side ol 
this, the least inclination 4** 58^' occurring when the nod^! 
was in quadrature, and the greatest 5*" 17^ being attain 
when the node was in syzygy.* 

* Ebn Jounis, an Arabian astronomer (died a.b. 1008), ^hose worl 
were translated about 30 years since by Mons.' Sedillot» states that 
inclination of the moon's orbit had been often observed by Aboul-Hassan^ 
Aly-ben-Amajour about the year 918, and that the results he had obtainc 
were generally greater than the 5° of Hipparchus, but that they varie 
considerably. 
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He also found that the retrograde motion of th& node was 
t uniform : the mean and true position of the node agreed 
ry well when they were in syzygy or quadrature, but they 
)re 1" 46' apart in the octants. 

By referring to Art. (80), we shall see that these correo- 
ns, introduced by Tycho Brah^, correspond to the second 
'm of our expression for s. 

Since Hipparchus could observe the moon with accuracy 
ly in the eclipses, at which time the node is in or near 
zygy, we see why he was unable to detect the want of 
iformity in the motion of the node. 

127. To represent these changes in the position of the 
)on's orbit, Tycho made the following hypothesis. 
Let ENF be the ecliptic, K its pole, BAG b, small circle, 




Ebn Jounis adds, however, that he himself had obseryed the indination 
eral times and found it 5° 3', which leads us to infer that he always 
lerved in similar circumstances, for otherwise a yariation of nearly 23' 
dd scarcely have escaped him. See Delambre, Hist, de VAgt, du Moyen 
e, p. 139. 

The mean value of the inclination is 5** 8' 55*46'", — the extr^ne values 
4^ 67' 22" and 6' 20' 6". 

The mean daily motion of the line of nodes is 3' 10*64", or one revolution 
3793-39 days, or 18 y. 218 d. 21 h. 22 m. 46 s. 
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haring ako K for pde sod at s distance from i 
to ^ 8". IWa, if «e snppcMe ^ the pole of ifae 
nMt to moTC milanBl^ in the small circle and 
direction BAC, the Dode A', idiidi ta at 90° froni 
and K, will retrograde nnifonnlv on the ecliptic, and 
inclination of tlie two orbits itiQ be constant and eqi 
to AK. 

Bnt instead of »g|ni08iiig tbe pole of the moon's orbit 
be at Aj let a anall orde o&cif be described with ^ as po1 
aod a radios of 9' 30' ; and enppoec the pole of the mooD 
orbit to describe this small cirde with double the velodt 
of the node in its synodical revolution which is accompliaha 
in aboDt 346 daj^ in such a manner that when the node 
in quadrature the pole may be at a, the nearest point to £ 
and at c the most distant point when the node cornea 
STZTgv, at «/ in the fir^ and third octants, and at 5 in t 
second and fomlh, so as to describe the small circle in abi 
173 davs, the centre A of tbe small cirele retrograding 
while with its nnifbrm motion. 

By this method of representing tbe motion, we see that 



when node is in qnadratm^l . . , (Ko 
^ ]-tion of the- 



'8'-9i'=4°58j', 



£r=5°8'+9i'=5''174' 



while at the octants it has its mean value | 

Kb = Kd=KA = 5r8'. 

Again with respect to the motion of the node, since jV isl 
the pole of KaAc, it follows that when in syzygy and quad- 
rature, the node occupied its mean place, in the first and 
third octants, the pole being at d, the node was before its 
mean place by the angle rf/u4 = (9' 30") cosecS" 8'= 1° 46', 
< nearly, and it was as much behind its true place in the 
v-ond and fourth octants. 
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So that the whole motion of the node, and the correc- 
ion which Tycho had discovered, were properly represented 
>j this hypothesis, which is exactly similar to that which 
iJopernicus had imagined to explain the precession of the 
Squinox. 



THE END. 
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LEGE, CAMBRIDGE. By W. 
G. CLARK, M.A. Fcap. Svo. 
2J. 6</. 



CLAY.— THE PRISON 

CHAPLAIN. A Memoir of the 
Rev. JOHN CLAY, B.D. late 
Chaplain of the Preston Gaol. 
With Selections from his Reports 
and Correspondence, and a Sketch 
of Prison-Discipline in England. 
By his son, the Rev. W. L. CLAY, 
M.A. Svo. 15^'. 

CLAY.— THE POWER OF 

THE KEYS, Sermons preached 
in Coventry. By the Rev. W. L. 
CLAY, M.A. Fcap. Svo. 3J-. 6^. 

CLERGYMAN'S SELF- 
EXAMINATION concerning the 
APOSTLES' CREED. Extra 
fcap. Svo. IJ. dd. 

CLEVER WOMAN . OF 

THE FAMILY. By the Author 
of "The Heir of Redclyffe." 2 
vols, crown Svo. cloth, \2s. 

CLOUGH.— The POEMS of 
ARTHUR HUGH CLOUGH, 

sometime Fellow of Oriel College, 
Oxford. With a Memoir by F. 
T. PALGRAVE. Second Edi- 
tion. Fcap. Svo. 6j'. 

COLENSO.— WORKS by the 

Right Rev. J. W. COLENSO, 
D.D. Bishop of Natal: — 

THE COLONY OF NATAL. A 
Journal of Visitation. With a 
Map and Illustrations. Fcap, 
Svo. 5^". 

VILLAGE SERMONS. Second 
Edition. Fcap. Svo. 2s. 6d. 

FOUR SERMONS on ORDI- 
NATION, and on MISSIONS. 
iSmo. IS. 

COMPANION TO THE HOLY 
COMMUNION, containing the 
Service, and Select Readings from 
the writings of Mr. MAURICE. 
Fine Edition^ morocco, antique 
style, 6j-. or in cloth, 2s. Od. 
Common Paper ^ is. 
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DAVIES.— BAPTISM, 

CONFIRMATION, AND THE 
LORD'S SUPPER, as inter- 
preted by their outward signs. 
Three Expository Addresses for 
Parochial Use. By the Rev. T. 
Ll. DAVIES, M. A. Limp cloth, 
IJ-. dd. 

DAYS OF OLD : STORIES 
FROM OLD ENGLISH HIS- 
TORY. By the Author of * * Ruth 
and her Friends. " New Edition, 
i8mo. cloth, gilt leaves, 3^'. dd. 

DEMOSTHENES DE CO- 
RONA. The Greek Text with 
English Notes. By B. DRAKE, 
M. A. Second Edition, to which 
is prefixed Aeschines against 
Ctesiphon, with English Notes. 
Fcap. 8vo. ^s, 

DE TEISSIER.— VILLAGE 
SERMONS, by G. F. DE 
TEISSIER, B.D. Crown 8vo. qj-. 

Second Series. Crown 8vo. 

cloth. 8j". dd. 

DE VERE.— THE INFANT 

BRIDAL, AND OTHER 
POEMS. By AUBREY DE 
VERE. Fcap. 8vo. yj. dd. 

DICEY. — SIX MONTHS 

IN THE FEDERAL STATES. 
By EDWARD DICEY. 2 Vols, 
crown 8vo. 12s. 

DICEY.— ROME IN i860. 

By ED WARD DICEY. Crown 
8vo. ds. 6d, 

DONALDSON.— A CRITI- 
CAL HISTORY OF CHRIS- 
TIAN LITERATURE AND 
DOCTRINE, from the Death of 
the Apostles to the Nicene Coun- 
cil. By JAMES DONALDSON, 
M.A. Vol. I.— THE APOS- 
TOLIC FATHERS. 8vo. 
cloth. lOJ". 6d, 

' Vols. II. and III. just ready. 



DREW. — A GEOMETRI- 
CAL TREATISE ON CONIC 
SECTIONS. ByW. H.DREW, 
M.A. Third Edition, Cro^vn8vo. 
4^. dd. 

DREW.— SOLUTIONS TO 

PROBLEMS CONTAINED IN 
Mr. DREW'S TREATISE ON 
CONIC SECTIONS. Crown 
8vo. 4r. dd, 

EARLY EGYPTIAN HIS- 
TORY FOR THE YOUNG. 

With Descriptions of the Tombs 
and Monuments. New Edition^ 
with Frontispiece. Fcap. 8vo. 

EASTWOOD.— The BIBLE 

WORD BOOK. A Glossary of 
Old Enghsh Bible Words. By 
J. EASTWOOD, M.A. of St. 
John's College, and W. ALDIS 
WRIGHT, M. A. Trinity College, 
Cambridge. i8mo. Uniform with 
Macmillan's School Class Books. 

ECCE HOMO. A Survey of 

the Life and Work of Jesus Christ. 
8vo. loj, dd. 

ECHOES OF MANY 

VOICES FROM MANY 
LANDS. i8mo. cloth extra, 
gilt, 3^. dd, 

ENGLISH IDYLLS. Fy 
JANE ELLICE. Fcap. 8no. 
cloth, ds. 

EVANS.— BROTHER FA- 
BIAN'S MANUSCRIPT; And 
other Poems. By SEBASTIAN 
EVANS. Fcap. 8vo. cloth, price 
6j'. 

FAWCETT. — THE ECO- 
NOMIC POSITION OF THE 
BRITISH LABOURER. By 
HENRY FAWCETT, M. P. 
Extra fcap. 8vo. cloth, 5^-. 
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FAWCETT.— MANUAL of 

POLITICAL ECONOMY. By 
HENRY FAWCETT, M. P. 
Second Editiofi. Crown 8vo. 

I2J-. 

FERRERS.— A TREATISE 

ON TRILINEAR CO-ORDI- 
NATES, the Method of Reci- 
procal Polars, and the Theory of 
Projections. By the Rev. N. M. 
FERRERS, M.A. Crown 8vo. 
6j. (>d. 

FISHER. — CONSIDERA- 
TIONS ON THE ORIGIN 
OF THE AMERICAN WAR. 
By HERBERT FISHER. Fcp. 
Svo 2s, 6d. 

FLETCHER. — THOUGHTS 
FROM A GIRL'S LIFE. By 
LUCY FLETCHER. Second 
Edition. Fcap. 8vo. 4-f. 6d. 

F O R B E S.— L I F E OF 

EDWARD FORBES, F. R. S. 
By GEORGE WILSON, M.D. 
F.R.S.E. and ARCHIBALD 
GEIKIE, F. G. S. 8vo. with Por- 
trait, 14^. 

FREEMAN.— HISTORY of 

FEDERAL GOVERNMENT, 

from tlie Foundation of the Achaian 
League to the Disruption of the 
United States. By EDWARD 
A. FREEIVLAN, M.A. Vol. L 
General Introduction. — History of 
the Greek Federations. 8vo. 
2 1 J. 

FROST.— THE FIRST 
THREE SECTIONS of NEW- 
TON'S PRINCIPIA. With 
Notes and Problems in illustra- 
tion of the subject. By PER- 
CIVAL FROST, M.A. Second 
Edition. 8vo. lor. 6d. 



FROST AND WOLSTEN- 
HOLME.— A TREATISE ON 
SOLID GEOMETRY. By the 
Rev. PERCIVAL FROST, M.A. 
and the Rev. J. WOLSTEN^ 
HOLME, M.A. Svo. iSj. 

FURNIVALL.-LE MORTE 

ARTHUR. Edited from the Har- 
leian M.S. 2252, in the British 
Museum. By F. J. FURNI- 
VALL, M.A. With Essay by 
the late HERBERT COLE- 
RIDGE. Fcap. 8vo. dotb, 'js. 6d. 

GALTON.— METEORO- 
GRAPH [C A, or Methods of 
Mapping the Weather. Illustrated 
by upwards of 600 Printed Litho- 
graphed Diagrams. . By FRAN- 
CIS GALTON, F.R.S. 4to. 9s. 

GARIBALDI at CAPRERA 

By COLONEL VECCHJ. With 
Preface by Mrs. GASKILL. Fcap. 
Svo. I J. 6d. 

GEIKIE.-STORY OF A 

BOULDER; or. Gleanings by 
a Field Geologist By ARCHI- 
BALD GEIKIE. lUustratedwith 
Woodcuts. Crown Svo. 5^. 

GEIKIE'S SCENERY OF 

SCOTLAND, with Illustrations 
and a new Geological Map. Cr. 
Svo. cloth, icxr. 6d, 

GIFFORD.— THE GLORY 

OF GOD IN MAN. By E. H. 
GIFFORD, D.D. Fcap. Svo. 
cloth. 3^. 6d, 

GOLDEN TREASURY 

SERIES. Uniformly printed in 
i8mo. with Vignette- Titles by 
J. Noel Paton, T. Woolner, ■ 
W. IIoLMAN Hunt, J. £. Mil- j 
LAIS, &c. Bound in extra cloth, 
4J. 6d. ; morocco .plain, 7j. 6d. ; 
morocco extra, lar. (ni, each 
Volume. 
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THE GOLDEN TREASURY 
OF THE BEST SONGS AND 
LYRICAL POEMS IN THE 
ENGLISH LANGUAGE. Se- 
lected and arranged, with Notes, 
by FRANCIS TURNER PAL- 
GRAVE. 

THE CHILDREN'S GARLAND 
FROM THE BEST POETS. 
Selected and arranged by CO- 
VENTRY PATMORE. 

THE BOOK OF PRAISE. From 
the best English Hymn Writers. 
Selected and arranged by RO UN- 
DELL PALMER. A New and 
Enlarged Edition. 

THE FAIRY BOOK : The Best 
Popular Fairy Stories. Selected 
and Rendered Anew by the 
Author of ** John Halifax." 

THE BALLAD BOOK. A 
Selection of the Choicest British 
Ballads. Edited by WILLIAM 
ALLINGHAM. 

THE JEST BOOK. The 
Choicest Anecdotes and Sayings. 
Selected and arranged by MARK 
LEMON. 

BACON'S ESSAYS AND 
COLOURS OF GOOD AND 
EVIL. With Notes and Glossarial 
Index, by W. ALDIS WRIGHT, 
M. A. Large paper copies, crown 
8vo. 7 J. 6^. ; or bound in half 
morocco, lar. dd. 

The PILGRIM'S PROGRESS 
from this World to that which is 
to Come. By JOHN BUNYAN. 



* * 



Large paper Copies, crown 8vo. 
cloth, 7j. hd, ; or bound in half 
morocco, lOj-. td. 

THE SUNDAY BOOK OF 
POETRY FOR THE YOUNG. 
Selected and arranged by C. F. 
ALEXANDER. 



A BOOK OF GOLDEN DEEDS 
OF ALL TIMES AND ALL 
COUNTRIES. Gathered and 
Narrated anew by the Author 
of " The Heir of Redclyffe." 

THE POETICAL WORKS OF 
ROBERT BURNS. Edited, 
with Biographical Memoir, by 
ALEXANDER SMITH. 2 vols. 

THE ADVENTURES OF RO- 
BINSON CRUSOE. Edited 
from the Original Editions by 
J. W\ CLARK, M.A. with a 
Vignette Title by J. E. Millais. 

THE REPUBLIC OF PLATO. 
Translated into English with Notes 
by J. LI. DA VIES, M.A. and 
D. J. VAUGHAN, M.A. New 
Edition, with Vignette Portraits of 
Plato and Socrates engraved by 
Jeens from an Antique Gem. 

GORDON. — LETTERS 

from EGYPT, 1863—5. By 
LADY DUFF GORDON. Third 
Edition. Cr. Svo. cloth, Sj*. (id. 

GORST.— THE MAORI 

KING; or, the Story of our 
Quarrel with the Natives of New 
Zealand. By J. E. GORST, M.A. 
With a Portrait of William Thomp- 
son, and a Map of the Seat of 
War. Crown 8vo. loj*. 6^. 

GREEN. —SPIRITUAL 

PHILOSOPHY, Founded on the 
Teaching of the late SAMUEL 
TAYLOR COLERIDGE. By 
the late JOSEPH HENRY 
GREEN, F.R.S.D.C.L. Edited, 
with a Memoir of the Author's 
Life, by JOHN SIMON, F.R.S. 
Two vols. Svo. cloth, price, 25^. 

GROVES.— A COMMEN- 
TARY ON THE BOOK OF 
GENESIS. For the Use of Stu- 
dents and Readers of the English 
Version of the Bible. By the 
Rev. H. C. GROVES, M.A. 
Crown Svo. 9^. 



UIDE TO THE UNPRO- 
■^ECTED in Eveiy Day Mat- 
relating to Property and 
ome. By a BANKER'S 
DAUGHTER. SecoHd Edition. 
Extra fcap. Svo. y. dd. 
HAMERTON.— A PAINT- 
ER'S CAMP IN THE HIGH- 
LANDS; and Thoughts about 
Art. By P. G. HAMERTON. 

HAMILTON. —THE RE- 
SOURCES OF A NATION. 
(A Series of Essays. Hy ROW- 
LAND HAMILTON. Svo. 
IQS. td. 
AMILTON.— On TRUTH 
and ERRORt Thoughts on the 
Principles of Tnith, and the 
Causes and Effects of Error. By 
JOHN HAMILTON. Crown 

HARDWICK.— CHRIST 
AND OTHER MASTERS. A 
Historical Inquiry into some of 
_ the Chief Parallelisms and Con- 
bet ween Christianity and the 
, Jtellgious Systems of the Andent 
-Vorld. By the Ven. ARCH- 
IE AC ON HARDWICK. New 
'idilion, revised, and a Prefatory 
IciDoir by the Rev. FRANCIS 
'ROCTER. Two . ' 
.. IS J. 

.RDWICK. — A HIS- 

*Y OF THE CHRISTIAN 

IWRCH, during the Middle 

' the Reforraolion. (fl 




Vol. II. S^ond Edition. His- 
tory of the Reformation of the 

Each Tolurae may be had sepa- I 
ralely. Price los. bd. 

HARDWICK. — TWENTY 
SERMONS FOR TOWN CON- \ 
GREGATIONS. Crown Svo. 1 
6j. 6./. 

H A R E.— W O R K S BY 
JULIUS CHARLF.S HARE, 
M.A. Sometime Archdeacon of ) 
Lewes, and Chapl^ in C 
nary to the QneeQ. 

CHARGES DELIVERED [ 
during the Years 1840 to 1854. 
Witli Notes oa the Principal I 
Events afTectLng the Church I 
during that period. With an I 
Introduction, explanatory of his 1 
position in the Church with re-_ | 
ference to the parties which divide' 
it. 3 vols. Svo. il. iij. 6d. 

MISCELLANEOUS PAM- 
PHLETS on some of the Leading I 
Questions agitated in the Church f 
during the Years 1845—51. " 

the' VICTORY OF FAITH. I 



THE MISSION OF THE COM- 
FORTER. JTiird EdiHon. With | 
Notes, 121. 

VINDICATION OF LUTHER. ' 
Stcoiid Edition. Svo. 71. 

PARISH SERMONS. Second | 
Series. Svo. cloth, 12J. 

SERMONS PREACHED ON I 
PARTICULAR OCCASIONS, f 
Svo. cloth, lit. 

PORTIONS OF THE PSALMS I 
IN ENGLISH VERSE. Selec- 
ted for Public Worship. iSmo. I 
cloth, zs. fid. 

•." The two following Books arc 
included in the Three Volun-.P! 
of Chrvrij'es, but may be had sepa- 
rately. 
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:ONTEST WITH ROME. 
d Edition. 8vo. cl. lOr. dd. 

GES DELIVERED in the 
5 1843, 1845, 1846. With 
troduction. ds. 6d. 

^N. — PLUTOLOGY ; 

lie Theory of the Efforts to 
fy Human Wants. By W. 
EARN, LL.D. 8vo. 14^. 

ERT. — CLERICAL 

SCRIPTION, an Inquiry 
the Real Position of tiie 
ch and the Clergy in reference 
I. The Articles; II. The 
gy; III. The Canons and 
tes. Bythe Rev. CHARLES 
ERT, M.A. F.R.S.L. Cr. 
Ts. 6d. 

MING.— AN ELE- 
[TARY TREATISE ON 
DIFFERENTIAL AND 
EGRAL CALCULUS. By 
. HEMMING, M.A. Second 
012. 8vo. 9 J. 

/EY.— THE GENEA- 
lES OF OUR LORD AND 
lOUR JESUS CHRIST, 
)ntained in the Gospels of 
atthew and St. Luke, recon- 
with each other, and shown 
: in harmony with the true 
lology of the Times. By 

ARTHUR HERVEY, 

8vo. IOJ-. dd. 

;^EY. — THE AAR- 
GS. By ROSAMOND' 
VEY. 2 vols, crown 8vo. 
2 1 J. 

3RICUS.— LETTERS 
SOME QUESTIONS OF 
lRNATIONALLAW. Re- 
;d from the limes, with con- 
.ble Additions. 8vo. ^s. 6d. 
ADDITIONAL LET- 
8vo. 2S. 6d. 



HODGSON.— MYTHO- 
LOGY FOR LATIN VERSI- 
FICATION : a Brief Sketch of 
the Fables of the Ancients, pre- 
pared to be rendered into Latin 
Verse for Schools. By F. HODG- 
SON, B.D. late Provost of Eton. 
New Edition, revised by F. C, 
HODGSON, M.A. i8mo. 3^-. 

HOLE.— A BRIEF BIO- 

GRAPHIQAL DICTIONARY. 
Compiled and Arranged by 
CHARLES HOLE, M.A. Tri- 
nity College, Cambridge. In 
Pott 8vo. (same size as the "Gol- 
den Treasury Series") neatly and 
strongly bound in cloth. Second 
Edition. Price 4r. (^d. 

HORNER.— The TUSCAN 

POET GIUSEPPE GIUSTI 
AND HIS TIMES. By SUSAN 
HORNER. Crown 8vo. ^s. 6d. 

HOWARD.— THE PENTA- 

TEUCH ; or, the Five Books of 
Moses. Translated into English 
from the Version of the LXX. 
With Notes on its Omissions and 
Insertions, and also on the Pas- 
sages in which it differs from the 
Authorized Version. By the Hon. 
HENRY HOWARD, D.D. 
Crown 8vo. Genesis, i vol. 
8j-. 6d. ; Exodus and Leviticus, 
I vol. loj. Gd.'f Numbers and 
Deuteronomy, i vol. los. 6d. 

HUMPHRY. — THE 

HUMAN SKELETON (includ- 
ing the JOINTS). By GEORGE 
MURRAY HUMPHRY, M.D. 
F. R. S. With Two Hundred and 
Sixty Illustrations drawn from 
Nature. Medium 8vo. i/. Sj. 

HUMPHRY. — THE 

HUMAN HAND AND THE 
HUMAN FOOT. With Nume- 
rous Illustrations. Fcp. 8vo. 4-r. 6d. 
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R LEV. — LESSONS IN 

fliMENTARY PHYSIOLO- 

Wilh numerous lllustra- 

_ .. By T. M. HUXLEY, 

|R.S. Professor of Nituial His- 

n the Goveminent School of 

Uniform with MacmU- 

's School Class Books. 

f^DE.— HOW TO WIN 

bUR WORKERS. An Account 

Juf ihe Leetla Sewing School. By 

■Mrs. HYDE. Fcap. Svo. u. 6d. 

PVMNI ECCLESI^.— 

). cloth, Is. 6d. 

Jam e son.— LIFE'S 

WORK, IN PREPARATION 
ANDIN RETROSPFXT. Ser- 
mons Preached Ijefore the Univer- 
sity of Cambridge. By the Rev. 
F. J. JAMESON, M.A. Fcap. 
Svo. u. tJ. 

JAMESON.— BROTHERLY 
COUNSELS TO STUDENTS. 
Sermons preached in the Chapel 
of St. Catharine's CoU^e, Cam- 
bridge. By F. J. JAMESON, 
M.A. Fcap. Svo. ii. dd. 

JANETS HOME.— A Novel. 
A'nv EditinH. Crown Svo. &i. 

JEVONS.— THE COAL 
QUESTION. ByW.STANLEY 
JEVONS, M.A. Fellow of Uni- 
versity CoUene, London. Svo. 
lasM. 

JOKES.— THE CHURCH 
of ENGLAND and COMMON 
SENSE. By HARRY JONES, 
M.A. Fcap. Svo. cloth, jj. 6./. 

JUVENAL.— JUVENAL, for 
Schools, With English Notes. 
ByT. E. B. MAYOR, M.A. Naa 
.Jtiti C/uaftr EiiUiim. CrovmSvo. 
Iltfrlnb'ai;. 



KEARY. — THE LITTLE'- 
WANDERLLN, ami otherffis- j 
Fairy Tales. By A. and E.f 
KEARY. iSmo cloth, y. 6d. i 

KINGSLEY.— WORKS BVfP^- (■ 
TUEREV.CHARLESKINGS-L. / 
LEY, M.A. Rector of Everaley.rf 
and Professor of Modem HistoryP'- J 
in the University of Cambridge : — p- ' 

THE ROMAN and the TEUTON.^, J 
A Series of Lectures deliveredf ' 
before the University of Cam-^ ,' 
bridge. 8vo. iw. f : 

TWO YEARS AGO. Fourth" I 



EdJli. 



Cro 



). 6r. 



"WESTWARD HO!" Fifth 

Edilion. Crown Svo. 6r. 
ALTON LOCKE. Haa EdiHon. ';)' 

with a New Preface. Crown Svo. 

HYPATIA; Fourth EdiUott. Cm., 

YEAST. Fcurtk Edition. Fcap. 

Svo. SJ. 
MISCELLANIES. Saomi Edition}. 

THESAINT'STRAGEDY. 77iirJ[ 

Edi/ioH. Fcap. Svo. S^- 
ANDROMEDA, and other Poems. 

TMrd Eililieii. Fcap. Svo. ^s. 
THE WATER BABIES, a Fairy 

Tale for a Land l!.ii-y- JV>'1' 

Two Illustrations 

Paton, R.S.A. 

Crown Svo. " 
GLAUCUS : or, the W 

the Shore. New ami* 

Edition, contmnine- 

Coloured Illustrations. 

THE HEROES ; or, ' 
Tales for my Chi' 
Eight ■ 
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VILLAGE SERMONS. Sixth 
Edition. Fcap. 8vo. 2s, 6d. 

THE GOSPEL OF THE PEN- 
TATEUCH. Second Edition. 
Fcap. 8vo. 4f. 6d. 

C^OOD NEWS OF GOD. Third 
Edition. Fcap. 8voC 6s. 

SERMONS FOR THE TIMES. 
Third Edition. Fcap. 8vo. 3J'. 6d. 

TOWN AND COUNTRY SER- 
MONS. Fcap. 8vo. 6x. 

SERMONS ON NATIONAL 
SUBJECTS. First Series. Second 
Edition. Fcap. 8vo. 5^. 

SERMONS ON NATIONAL 
SUBJECTS. Second Series. 
Second Edition. Fcap. 8vo. 5^. 

ALEXANDRIA AND HER 
SCHOOLS. With a Preface. 
Crown 8vo. 5^. 

THE LIMITS OF EXACT 
SCIENCE AS APPLIED TO 
HISTORY. An Inaugural Lec- 
ture delivered before the Univer- 
sity of Cambridge. Crown 8vo. 
is, 

PHAETHON ; or Loose Thoughts 
for Loose Thinkers. Third Edition, 
Crown 8vo. 2s, 

DAVID. — Four Sermons — David's 
Weakness — David's Strength — 
David's Anger — David's Deserts. 
Fcap. 8vo. cloth, 2s. 6d. 

KINGSLEY. —AUSTIN 

ELLIOT. By HENRY KINGS- 
LEY, Author of "Ravenshoe," 
&c. New Edition, Crown 8vo. 

KINGSLEY. — THE RE- 
COLLECTIONS OF GEOF- 
FREYHAMLYN. By HENRY 
KINGSLEY. Second Edition. 
Crown Svo. 6s. 



KINGSLEY.— THE HILL- 
YARS AND THE BUR- 
TONS : a Story of Two Families. 
By HENRY KINGSLEY. 3 
vols, crown Svo. cloth, it. lis. 6d. 

KINGSLEY.— RAVENSHOE. 
By HENRY KINGSLEY. An:^ 
Edition. Crown 8vo. 6s, 

KINGTON.— HISTORY of 

FREDERICK the SECOND, 
Emperor of the Romans. By 
T. L. KINGTON, M. A. 2 vols., 
demy Svo. 32J-. 

KIRCHHOFF. — RE- 
SEARCHES on the SOLAR 
SPECTRUM and the SPEC- 
TRA of the CHEMICAL ELE- 
MENTS. By G. KIRCHHOFF, 
of Heidelberg. Translated by 
HENRY E. ROSCOE, B.A. 
4to. 5^. Also the Second Part. 
4to. 5J-. with 2 Plates. 

LANCASTER — ECLOGUES 
AND MONO-DRAMAS ; or, a 
Collection of Verses. By WIL- 
LIAM LANCASTER. Extra 
fcap. Svo. 4f. 6d. 

LANCASTER. — PR^TE- 

RITA : Poems. By WILLIAM 
LANCASTER. Extra fcap. Svo. 
4r. 6d. 

LANCASTER. — STUDIES 

IN VERSE. By WILLIAM 
LANCASTER. Extra fcap. Svo. 
cloth, 4f. 6d. 

LATHAM. — THE CON- 
STRUCTION of WROUGHT- 
IRON BRIDGES, embracing the 
Practical Application of the Prin- 
ciples of Mechanics to Wrought- 
Iron Girder Work. By J. H. 
LATHAM, Esq. Civil Engineer. 
Svo. With numerous detail Plates. 
Second Edition, [Preparing, 
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— A CLASS- 
OLD TESTA- 

STORY. By the 
MACLEAR, M.A. 

klaps. Second Edi- 
cloth, 4^. 6d. 

— A CLASS- 
NEW TESTA- 
STORY, including 
n of the Old and 
snt. 

.AN.— FOOT- 

LOM THE PAGE 
RE. By the Rev. 
^ACHILLA N, 
Yith numerous lUus- 
:ap. 8vo. 5^. 

\N'S MAGA- 

ished Monthly, price 
. Volumes I. — XII. 
y, *]s. 6d. each. 

-The METHOD 

VINE GOVERN- 
lysical and Moral. 
McCOSH, LL.D. 
on. 8vo. I Of. 6d. 

-THE SUPER- 

, IN RELATION 

NATURAL. By 

IcCOSH, LL.D. 

*js. 6d. 

-THE INTUI- 

THE MIND. By 
cCOSH, LL.D. A 
': 8vo. cloth, lOf. 6d. 

-A DEFENCE 

NDAMENTAL 
EING A REVIEW 
PHILOSOPHY OF 
ART MILL. By 
:COSH, LL.D. Cr. 
[/;/ the press. 



McCOY.— C O N T R I B U- 

TIONS TO BRITISH PALE- 
ONTOLOGY; or. First Descrip- 
tions of several hundred Fossil 
Radiata, Articulata, Mollusca, and 
Pisces, from the Tertiary, Creta- 
ceous, Oolitic, and Palaeozoic 
Strata of Great Britain. With 
numerous Woodcuts. By FRED. 
McCOY, F.'G.S. Professor of 
Natural History in the University 
of Melbourne. 8vo. 9J. 

MANSFIELD. — PARA- 

GUAY, BRAZIL, AND THE 
PLATE. With a Map, and nume- 
rous Woodcuts. By CHARLES 
MANSFIELD, M.A. With a 
Sketch of his Life. By the 
Rev. CHARLES KINGSLEY. 
Crown 8vo. \2s. 6d, 

MANSFIEL D. — A 

THEORY OF SALTS. A 
Treatise on the Constitution of 
Bipolar (two membered) Chemi- 
cal Compounds. By the late 
CHARLES BLANCHFORD 
MANSFIELD. Crown 8vo. 
cloth, price 14^. 

MARRIED BENEATH 

HIM. By the Author of " Lost 
Sir Massingberd." 3 vols: crown 
8vo. cloth, i/. 1 1 J". 6d. 

MARRINER. — SERMONS 

PREACHED at LYME REGIS. 
By E. T. MARRINER, Curate. 
Fcap. 8vo. 4f. 6d. 

MARSTON.— A LADY IN 

HER OWN RIGHT. By WEST- 
LAND MARSTON. Crown 8vo. 

MARTIN.— THE STATES- 

MAN'S YEAR BOOK for 1866. 
A Statistical, Genealogical, and 
Historical Account of the Civilized 
Worid for the Year 1866. By 
FREDERICK MARTIN. Cr. 
8vo. lOf. 6d, 
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MARTIN. — STORIES OF 

BANKS AND BANKERS. By 
FREDERICK MARTIN. Fcp. 
8vo. cloth, 3J. dd. 

MARTIN.— THE LIFE OF 

JOHN CLARE. By FREDE- 
RICK MARTIN. Crown 8vo. 
cloth, 7^. dd. 

M A S S O N.— E S S A Y S, 

BIOGRAPHICAL and CRITI- 
CAL; chiefly on the English 
Poets. By DAVID MASSON, 
M.A. 8vo. I2X. dd. 

MASSON.— BRITISH 

NOVELISTS AND THEIR 
STYLES ; being a Critical Sketch 
of the History of British Prose 
Fiction. By DAVID MASSON, 
M.A. Crown Svo. *]s. 6d. 

MASSON.— LIFE of JOHN 

MILTON, narrated in Connexion 
with the Political, Ecclesiastical, 
and Literary History of his Time. 
Vol. I. with Portraits. i2>s. 

MASSON.— RECENT 

BRITISH PHILOSOPHY. A 
Review, with Criticisms. By 
DAVID MASSON. Crown Svo. 
cloth, *]s, 6d, 

MAURICE.— WORKS BY 

THE REV. FREDERICK 
DENISON MAURICE, M.A. 

THE CLAIMS OF THE BIBLE 
AND OF SCIENCE; a Corre- 
spondence on some questions re- 
specting the Pentateuch. Crown 
Svo. 4f. 6d. 

DIALOGUES on FAMILY WOR- 
SHIP. Crown Svo. 6s, 

EXPOSITORY DISCOURSES 
on the Holy Scriptures : — 



THE PATRIARCHS and I 
GIVERS of the OLD TE 
MENT. Second Edition. C 
Svo. 6^. 

This volume contains Discourj 
the Pentateuch, Joshua, Ji: 
and the beginning of the 
Book of Samuel. 

THE PROPHETS and KIN( 
the OLD TESTAMENT. ^ 
Edition. Crown Svo. los. 

This volume contains Discours 
Samuel I. and II., Kings I.ai 
Amos, Joel, Hosea, Isaiah, M 
Nahum, Habakkuk, Jeremial 
Ezekiel. 

THE GOSPEL OF THE K 
DOM OF GOD. A Seri 
Lectures on the Gospel o 
Luke. Crown Svo. <^s. 

THE GOSPEL OF ST. JO 
a Series of Discourses. S 
Edition. Crown Svo. loj". t 

THE EPISTLES OF ST. JO 
a Series of Lectures on Chr 
Ethics. Crown Svo. yj. dd. 

EXPOSITORY SERMONS 
THE PRAYER-BOOK :— 

THE ORDINARY SERVK 
Second Edition. Fcap. Svo. 5 

THE CHURCH A FAM. 
Twelve Sermons on the C 
sional Services. Fcap. Svo. 4 

LECTURES ON THE P 
CALYPSE, or. Book of 
Revelation of St. John the Di 
Crown Svo. lar. dd. 

WHAT IS REVELATION 
Series ofSermons on the Epipl 
to which are added Letters 
Theological Student on the Bi 
ton Lectures of Mr. MA^ 
Crown Svo. \os. 6d. 
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E INQUIRY, 
VELATION?" 
to Mr. Mansel's 
" Strictures on 
tures. " Crown 

ECCLESIAS- 
LY. 8vo. icxf. ^d, 

L ESSAYS. 
Crown 8vo. 

: OF SACRI- 
D FROM THE 
Cr. 8vo. 7^. dd, 

S OF THE 
eir Relations to 
mrth Edition, 

'S PRAYER. 
Fcap. 8vo, 

PH DAY; the 

Warrior ; and 

ion of History. 

> WORKING. 

the Foundation 
Working Men. 

RISIS. Five 
Svo. 2s. 6d. 
:S ON THE 
:BEES. With 
yr F. D. MAU- 
ip. 8vo. 4f. 6d, 

^OBIOGRA- 
iEW ROBIN- 
i. B. MAYOR, 
5^". 6d. 

RLY STA- 
OHN'S COL- 
IDGE. With 

LONDON. 
If M.A. Fcap. 



MERIVALE. — SALLUST 

FOR SCHOOLS. By C. MERI- 
VALE, B. D. Second Edition, 
Fcap. 8vo. 4^. 6d. 
%* The Jugurtha and the Catalina 
may be had separately, price 
2s. 6d. each. 

MERIVALE.— KEATS' 

HYPERION Rendered into Latin 
Verse. By C. MERIVALE, B.D. 
Second Edition, Extra fcap. 8vo. 
3^. 6d, 

MISS RUSSELL'S HOBBY. 

A Novel. 2 vols, crown Svo, 
cloth, 1 2 J. 

MOOR COTTAGE.— A Tale 

of Home Life. By the Author 
of " Little Estella." Crown 8vo. 

MOORHOUSE. — SOME 

MODERN DIFFICULTIES 
respecting the FACTS of NA- 
TURE and REVELATION. 
By JAMES MOORHOUSE, 
M.A. Fcap. 8vo. 2s, 6d, 

MORGAN.— A COLLEC- 
TION OF MATHEMATICAL 
PROBLEMS and EXAMPLES. 
By H. A. MORGAN, M.A. 
Crown Svo. 6^-. 6d, 

MORSE.— WORKING FOR 

GOD, and other Practical Ser- 
mons. By FRANCIS MORSE, 
M.A. Second Edition. Fcap. Svo. 

MORTLOCK. — CHRISTI- 

ANITY AGREEABLE TO 

REASON. By the Rev. ED- 

MUND MORTLOCK, B.D. 

Second Edition. Fcap. Svo. 
3^. (>d, 

B 
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NAVILLE. — THE HEA- 
VENLY FATHER. By ER- 
NEST NAVILLE, Correspond- 
ing Member of the Institute of 
France, and formerly ProfL'ssorof 
Philosophy in the University of 
Geneva, Translated by HENRY 
DOWNTON, M.A. Extra fcap. 
8vo. 7/. &/. 

NOEL.— BEHIND THE 
VEIL, and other Poems. By the 
Hon. RODEN NOEL. Feop. 

NORTHERN CIRCUIT. 

Brief Notes of Travel in Sweden, 

Finland, and Russia. With a 

Frontispiece. Crown 8vo. 5^. 

NORTON.— THE LADY of 



and Frontispiece. JV^iif£ilit,: 

O'BRIEN.— An ATTEMPT 

to EXPLAIN and ESTABLISH 

the DOCTRINE of JUSTIFI- 

■ CATION BY FAITH ONLY. 
By JAMES THOS. O'BRIEN, 
D,D. Bishop of Ossory. TAird 
Edition. 8yo. 12J. 

O'BRIEN.- CHARGE deli- 
vered at the Visita.tion in 1863. 
Sccand Edition. 8yO. is. 

OLIPH ANT.— AGNES 

■ HOPETOUN'S SCHOOLS 
AND HOLIDAYS. By MRS. 
OLIPHANT. Royal i6mo. cloth, 
gilt leaves. 3J. bd. 

OLIVER. — LESSONS IN 
ELEMENTARY BOTANY. 
I With nearly 200 Illustrations. 

[ By DANIEL OLIVER, F.R.S. 

I r.L.S, iSmo. V W. 

\ GPP EN.— FRENCH 
I READER, for the Use of Col- 

f leeeaandSchDols. ByEDWARD 
fr A. OPPEN, Fcap. 3vo. clolh, 



ORWELL.— The BISHOP'S 
WALK AND THE BISHOP'S 
TIMES. Poems on the Days or 
Archbishop I.eighlon and the 
ScottishCovenant. ByORWELI, 
Fcap. 8vo. 5J. 

OUR YEAR. — A Child's 

Book, in Prose and Verse. By 
the Author of "John Halifax, 
Gentleman." Illustrated by 
Clarence Dobeil. Royal 
i6mo. cloth, 31. dd. 

PALGRAVE.— HISTORY 
OF NORMANDY AND OF 
ENGLAND. BySirFRANCIS 
PALGRAVE. Compledn({ the 
History to the Death of William 
Rufus. Vols. I. to IV. Svo. 

PALGRAVE.— A NARRA- 
TIVE OF A YEAR'S JOUR- 
NEY THROUGH CENTRAL 
AND EASTERN ARABIA, 
1862-3. By WILLIAM GIF- 
FARD PALGRAVE (late of the 
Eighth Re^-iment Bombay N.L). 
Third Edition. 2 vols. Svo. 
cloth. I'&i. 

PALGRAVE.— ESSAYS ON 
ART. By FRANCIS TUR- 
NER PALGRAVE, M.A. late 
Fellow of Exeter College, Oxford. 
Mulready— Dyce— Holman Hnnc 
—Herbert— Poetry, Prose, and 
Sensationalism in Ait— Scul|i 
in England- The Albeit C. 
&c. Extra fcap. 8vo. (Uniform 
with "Arnold's Essays.") 

PALGRAVE. — SONNETS 
AND SONGS. By WILLIAM 
SHAKESPEARE. Gem Edi- 
tion. Edited by F. T PAL- 
GRAVE, M.A. With Vignette 
Title by JEENS, 31. ^d. 



LIST OF PUBLIC A TIONS. 



19 



.—THE BOOK of 
2^ : from the Best English 
X^ liters. Selected and 
T>yROUNDELL PAL- 
NATith Vignette by WooL- 
ott 8vo. 4-r. 6d, Large 
'^tton, demy 8vo. icxr, 6d, ; 
» 28J-. 

<ISON.— A TREA- 

ON ELEMENTARY 
A^KICS. For the Use of 
or Classes at the Univer- 
^ the Higher Classes in 
With a Collection of 
^s. By S. PARKIN- 
^.D. Third Edition^ XQ- 

Crown Svo. qj. 6d. 

iSrSON.— A TREA- 

ON OPTICS. By S. 
XNSON, B.D. Crown 
»^. 6d. 

LSON. — TREATISE 

HE FISHERY LAWS 

UNITED KINGDOM, 

tig the Laws of Angling. 

mes paterson, m.a. 

Svo. los. 

ORE.— The ANGEL 

:"HE HOUSE. Book L 
betrothal. — Book II. The 
sals.— Book III. Faithful 
sr. With Tamerton Church 
. By COVENTRY PAT- 
E. 2 vols. fcap. Svo. 12s, 
iw and Cheap Edition, in 
I Smo. beautifully printed 
ed paper, price 2s, od. 

ORE. — THE VIC- 
ES OF LOVE. Fcap. 
^. 6d. 

L — PICTURES OF 

ENGLAND. By Dr. 
niOLD PAULL Trans- 
by E. C. OTTE. Crown 

s. 6d. 



PEEL.— JUDAS MACCA- 
BEUS. An Heroic Poem. By 
EDMUND PEEL. Fcap. Svo. 
ys. 6d. 

PHEAR.— ELEMENTARY 

HYDROSTATICS. By J. B. 
PHEAR, M. A. TAird Edition, 
Crown Svo. <^s. 6d. 

PHILLIMORK-PRIVATE 

LAW among the ROMANS. 
From the Pandects. By JOHN 
GEORGE PHILLIMORE,Q.C. 
Svo. 16^. 

PHILLIPS.— LIFE on the 

EARTH : its Origin and Succes- 
sion. By JOHN PHILLIPS, 
M.A. LL.D. F.R.S. With Illus- 
trations. Crown Svo. 6s. 6d. 

PHILOLOGY.— The JOUR- 
NAL OF SACRED AND 
CLASSICAL PHILOLOGY. 
Four vols. Svo. 12s. 6d. each. 

PLATO.— The REPUBLIC 

OF PLATO. Translated into 
English, vnth Notes. By Two 
FeUows of Trinity College, Cam- 
bridge (J. LI. Davies, M.A. and 
D. J. Vaughan,M.A.). With Vig- 
nette Portraits of Plato and So- 
crates engraved by Jeens from an 
Antique Gem. (Golden Treasury 
Series). New Edition ^ i Smo. 4^.6^. 

PLATONIC DIALOGUES, 

The. For English Readers. By 
W. WHEWELL, D.D. F.R.S. 
Master of Trinity College, Cam- 
bridge. Vol. I. Second Edition^ 
containing The Socratic Dialogues y 
fcap. Svo. 7^". 6d, Vol. II. con- 
taining The Anti- Sophist Dia- 
logues^ 6s. 6d. Vol. III. con- 
taining The Republic. *js. 6d. 

PLEA for a NEW ENGLISH 
VERSION of THE SCRIP- 
TURES. By a Licentiate of the 
Church of Scotland. Svo. 6s, 

B2 
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POTTER.— A VOICE from 
the CHURCH in AUSTRA-, 
LIA : Sermons preached in Mel- 
bourne. By the Rev. ROBERT 
POTTER, M.A. Extra fcap. 
8vo. 4^". (>d, 

PRATT.— TREATISE ON 

. ATTRACTIONS, La Place's 
FUNCTIONS, and the FIGURE 
of the EARTH. By J. H. 
PRATT, M.A. Second Edition, 

• Crown 8vo. 6^: (>d, 

PROCTER.— A HISTORY 

of the BOOK OF COMMON 
PRAYER : with a Rationale of 
its Offices. By FRANCIS 
PROCTER, M.A. Fifth Edi- 
tion, revised and enlarged. Cr, 
8vo. los, dd, 

PROCTER.— An ELEMEN- 
TARY HISTORY of the BOOK 
of COMMON PRAYER. By 
FRANCIS PROCTER, M.A. 
i8mo. is. 6d. 

PROPERTY and INCOME. 
—GUIDE to the UNPROTEC- 
TED in Matters relating to Pro- 
perty and Income. Second Edi- 
tion. Crown 8vo. 3j. 6^. 

PUCKLE.— AN ELEMEN- 
TARY TREATISE on CONIC 
SECTIONS and ALGEBRAIC 
GEOMETRY,especially designed 
for the Use oi Schools and 
Beginners. By G. HALE 
PUCKLE, M.A. Second Edi- 
tion. Crown 8vo. *js. 6d, 

RAMSAY. —THE CATE- 

CHISER'S MANUAL; or, the 
Church Catechism illustrated and 
explained, for the Use of Clergy- 
men, Schoolmasters, and Teach- 
ers. By ARTHUR RAMSAY, 
M.A. Second Edition, i8mo. 
is. 6d. 



RAWLINSON— ELE 
TARY STATICS. 
RAWLINSON, M.A. 
by EDWARD STURGE 
Crown 8vo. 4-r. 6d. 

RAYS of SUNLIGE 

DARK DAYS. A I 

Selections for the Suffering 
a Preface by C. J. VAU( 
D.D. i8mo. New . 
3^. 6d. ; morocco, old sty' 

REYNOLDS.— A SY; 
OF MEDICINE. To I 
pleted in Three Volum< 
Edited by J. RUSSELI 
NOLDS, M.D. F.R.C.] 
don. The First Volume \ 
tain : — PART I. — G 
Diseases, or Affections 
Whole System. § I.— Tl 
termined by agents operat: 
without, such as the exant 
malarial diseases, and the 
§ II. — Those determined 

. ditions existing within th 
such as Gout, Rheumatisr 
ets, &c. PART II.- 
DjSEASES, or Affections 
ticular Systems. §1. — '. 
of the Skin. [In th 

REYNOLDS.— NOTE 
THE CHRISTIAN LI 
Selection of Sermons by t 
ROBERT REYNOLDS 
President ot Cheshunt ' 
and Fellow of University ' 
London. Crown Svo. clo 
7j. dd. 

ROBERTS.— DIS 
SIGNS ON THE GO! 
By REV. ALEXANDE 
BERTS, D.D. Second 
revised and enlarged. 8v 
1 6 J. 
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SHAKESPEARE. — SON- 
NETS AND SONGS. By 
WILLIAM SHAKESPEARE. 
Edited by FRANCIS TURNER 
PALGRAVE, M.A. The Gem 
Edition. With Vignette Title, 
price 3^. dd. 

SHAKESPEARE'S TEM- 
PEST. With Glossarial and Ex- 
planatory Notes. By the Rev. J. 
M. JEPHSON. i8mo. 3^-. dd. 

SHAIRP. — KILMAHOE : 

and other Poems. By J. CAMP- 
BELL SHAIRP. Fcap. 8vo. 5x 

SHIRLEY.— ELIJAH; Four 

University Sermons. I. Samaria. 
II. Carmel.— III. Kishon.— IV. 
Horeb. By W. W. SHIRLEY, 
D.D. Fcap. 8vo. is. 6d, 

SIMEON.— STRAY NOTES 

ON FISHING AND ON 

NATURAL HISTORY. By 

CORNWALL SIMEON. Cr. 
8vo. *]s. (>d. 

SIMPSON.— AN EPITOME 

OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By 
WILLIAM SIMPSON, M.A. 
Fourth Edition. Fcp. 8vo. 3J-. 6d. 

SKETCHES FROM CAM- 
BRIDGE. By A DON. Crown 
8vo. cloth, 3J. 6d. 

SMITH.-A LIFE DRAMA, 

and other Poems. By ALEX- 
ANDER SMITH. Fcap. 8vo. 
2j. 6d. 

SMITH. — CITY POEMS. 

By ALEXANDER SMITH, 
Fcap. 8vo. 5j. 

SMITH.— EDWIN OF 

DEIRA. Second Edition. By 
ALEXANDER SMITH. Fcap. 
8vo. 5j. 



SMITH,— A LETTE 
A WHIG MEMBER 
S0UTHP:RN INI 

DENCE ASSOCIATIC 
GOLDWIN SMITH, 
fcap. 8vo. 2s. 

SMITH. — ARITHIV: 
AND ALGEBRA. B 
NARD SMITH, M.A." 
Edition. Cr. 8vo. cloth, 

SMITH. — ARITHIV: 

for the USE of SCL 
Neiv Edition. Crown 8 vc 

SMITH.— A KEY t 

ARITHMETIC for SCI] 
Second Edition. Cro^A 
Sj. dd. 

SMITH.— EXERCISI 

ARITHMETIC. By 
NARD SMITH. With h 
Crown 8vo. limp cloth, 
Or sold separately, as fol 
Part I. \5. Part II. is. h 
6d. 

SMITH.— SCHOOL ( 

BOOK of ARITHMETI 
BARNARD SMITH, 
cloth, 3J. Or sold sep 
Parts I. and II. lod. ea< 
IIL IJ-. 

SMITH. — KEYS 
SCHOOL CLASS B0( 
ARITHMETIC. By 
NARD SMITH. Comi 
One Volume, i8mo. 6s. 
Parts I. II. and III. 2s. 6< 

SMITH.— A One Sh 

BOOK of ARITHMEl 
NATIONAL and ELI 
TARY SCHOOLS. By 
NARD SMITH. iSma 

SNOWBALL. — THE 

MENTS of PLANE and ; 
RICAL TRIGONOM] 
By J. C. SNOWBALL, 
Tenth Edition. Crown 8vo. 
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SONGS. — By a 
IGHLANDER. With 
i Illustration by GoUR- 
-l-E. Fcap. 8vo. \s. 6d, 

EN. — GENERAL 

the CRIMINAL LAW 
l^AND. By J. FITZ- 
STEPHEN. 8vo. i8j. 

-MEMOIR of the 

»BERT STORY. By 
DRY. Crown 8vo. yj. 6t/. 

LAND.— ON COT- 

:ONSTRUCTI0N and 
^. ByC. W. STRICK- 
With Specifications and 
8vo. 7^. 6d. 

ON. — A HAND- 

to BUTLER'S ANA- 
ByC. A. SWAINSQN, 
!^rown 8vo. is. 6d. 

;0N.— TheCREEDS 

:HURCH in their RE- 

NS to HOLY SCRIP- 

md the CONSCIENCE 

CHRISTIAN. 8vo. 



ION.— TheAUTHO- 
Df the NEW TESTA- 
and other Lectures, 
I before the University of 
Ige. 8vo. cloth, 12^. 

JS.— The HISTORY 

I^IITUS translated into 
SH. ByA. J. CHURCH, 
md W. J. BRODRIBB, 
With a Map and Notes. 

.ed, 

\ND STEELE.— A 

TSE ON DYNAMICS, 

imerous Examples. By 

A.IT and W. J. STEELE. 

Edition^ Crown 8vo. 



TAYLOR.— WORDS AND 

PLACES ; or, Et3anological Illus- 
trations of History, Ethnology, 
and Geography. By the Rev. 
ISAAC TAYLOR. Second Edi- 
tion. Crovm 8vo. I2j. 64. 

TAYLOR.— THE RESTO- 
RATION OF BELIEF. New 
and Revised Edition. By ISAAC 
TAYLOR, Esq. Crovm 8vo. 
Sj". bd, 

TAYLOR.— BALLADS 

AND SONGS OF BRIT- 
TANY. By TOM TAYLOR. 
With Illustrations by TissOT, 
MiLLAis, Tenniel, Keene, and 
H. K. Browne. Small 4to. 
cloth gilt, i2s. 

TAYLOR. — GEOMETRI- 
CAL CONICS. ByC.TAYLOR, 
B.A. Crown 8vo. ^s. 6d. 

TEMPLE. —SERMONS 

PREACHED in the CHAPEL 
of RUGBY SCHOOL. By F. ' 
TEMPLE, D.D. 8vo. lOf. 6^. 

THORPE.— DIPLOMATA- 

RIUM ANGLICUM ^VI 
SAXONICI. A Collection of 
ENGLISH CHARTERS, from 
the Reign of King ^thelberht of 
Kent, A.D. DC.V. to that of 
William the Conqueror. With 
a Translation of the Anglo-Saxon. 
By BENJAMIN THORPE, 
Member of the Royal Academy 
of Sciences, Munich. 8vo. cloth, 
price 2 1 J. 

THRING.— A CONSTRU- 
ING BOOK. Compiled by 
EDWARD THRING, M.A. 
Fcap. 8vo. 2J. 6d, 
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THRING.— A LATIN GRA- 
DUAL. A First Latin Constru- 
ing Book for Beginners. Fcap. 
8vo. 2s. dd, 

THRING.— THE ELE- 
MENTS of GRAMMAR taught 
in ENGLISH. Third Edition, 
i8mo. 2s. 

THRING.— THE CHILD'S 

GRAMMAR. A New Edition. 
i8mo. is. 

THRING. — SERMONS 

DELIVEREDatUPPINGHAM 
SCHOOL. Crown Svo. 5^-. 

THRING — SCHOOL 

SONGS. With the Music ar- 
ranged for four Voices. Edited 
by the Rev. EDWD. THRING, 
M.A. and H. RICCIUS. Small 
folio, *js. 6d. 

THRING. — EDUCATION 

and SCHOOL. By the Rev. 
EDWARD THRING, M.A. 
Crown Svo. 6j-. 6d. 

THRUPP.— The SONG of 

SONGS. A New Translation, 
with a Commentary and an In- 
troduction. By the Rev. J. F. 
THRUPP. Crown Svo. 7^. 6d. 

THRUPR — ANTIENT 

JERUSALEM : a New Investi- 
gation into the History, Topo- 
graphy, and Plan of the City, 
Environs, and Temple. With 
Map and Plans. Svo. 15J. 

THRUPP. — INTRODUC- 
TION to the STUDY and USE 
of the PSALMS. 1 vols. 21^". 

THRUPP — PSALMS AND 
HYMNS for PUBLIC WOR- 
SHIP. Selected and Edited by 
the Rev. J. F. THRUPP, M.A. 
i8mo. 2s. common paper, is. 4//. 



TOCQUEVILLI 

MOIR, LETTERS. 
MAINS of ALEXL^ 
QUEVILLE. Tran 
the French by the T 
* *Napoleon's Correspc 
King Joseph." Wit] 
additions, 2 vols. 

21S. 

TODD.— THE BC 
THEVAUDOIS. 1 

sian Manuscripts pres 
Library of Trinity C( 
lin, with an Appendix 
HENTIIORN TO. 
Crown Svo. cloth, 6s. 

TODHUNTER. — 

by ISAAC TOD 
M.A. F.R.S. 

EUCLID FOR C 
AND SCHOOLS. I 
i8mo. 3 J". 6d. 

ALGEBRA FOR BE( 
With numerous Exam 
2s. 6d. 

A TREATISE ON ' 
FERENTIAL C/ 
With numerous Exam] 
Edition. Crown Svo 

A TREATISE ON 
TEGRAL CALCUL 

Editio7i. With numc 
pies. Crown Svo. ic 

A TREATISE ON i 
CAL STATICS. Sec 
Crown Svo. los. dd. 

A TREATISE ON CC 
TIONS. Third Edit 
Svo. 7j. 6d. 

ALGEBRA FOR TH 
COLLEGES AND ^ 
Third Edition. C 
7J-. 6d. 
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TRIGONOMETRY for 
LGES and SCHOOLS. 
Edition, Crown 8vo. 5^. 

TISE ON SPHERICAL 
)NOMETRY forthe USE 
.LEGES and SCHOOLS. 
Edition. Crown 8vo. 4^.6^. 

A.L HISTORY OF THE 
RESSoftheCALCULUS 
.RIATIONS during the 
TEENTH CENTURY. 

IS. 

•LES OF ANALYTICAL 
lETRY of THREE DI- 
5 IONS. Second Edition. 
. 8vo. 4^. 

.\TISE on the THEORY 
lUATIONS. Crown 8vo. 
7^". dd. 

LMATICAL THEORY 
lOBABILITY. 8vo. cloth, 

BROWN'S SCHOOL 

>. By an OLD BOY. 31^-/ 
2nd. Fcap. Svo. <^s. 
'^eoplis Edition, 2s. ) 

5R0WN at OXFORD. 

Author of " Tom Brown's 
I Days." New Edition. 
L 8vo. 6^. 

rS FOR PRIESTS 

EOPLE. By VARIOUS 

:ers. 

IRST SERIES, Crown 

f. 

iCOND SERIES, Crown 

5". 

whole Series of Fifteen 
may be had separately, 
Dne Shilling each. 



TRENCH. — WORKS BY 

R. CHENEVIX TRENCH, 
D.D. Archbishop of Dublin. 

NOTES ON THE PARABLES 
OF OUR LORD. Ninth Edi- 
tion, Svo. 12S. 

NOTES ON THE MIRACLES 
OF OUR LORD. Seventh Edi- 
tion. 8vo. 12^. 

SYNONYMS OF THE NEW 
TESTAMENT. New Edition. 
I vol. Svo. cloth, los. 6d. 

ON THE STUDY OF WORDS. 
Eleventh Edition. Fcap. 4^. 

ENGLISH PAST AND PRE- 
SENT. Fifth Edition. Fcap. 
Svo. 4^-. 

PROVERBS and their LESSONS. 
Fifth Edition. Fcap. Svo. 3^. 

SELECT GLOSSARY OF EN- 
GLISH WORDS used Formerly 
in SENSES different from the 
PRESENT. Third Edition. 4f. 

ON SOME DEFICIENCIES IN 
our ENGLISH DICTION- 
ARIES. Second Edition. Svo. y. 

SERMONS PREACHED IN 
WESTMINSTER ABBEY. ^^- 
cond Edition. Svo. lOr. 6d. 

THE FITNESS OF HOLY 
SCRIPTUREforUNFOLDING 
the SPIRITUAL LIFE of M AN; 
Christ the Desire of all Nations ; 
or, the Unconscious Prophecies 
of Heathendom. Hulsean Lec- 
tures. Fcap. Svo. Fourth Edi- 
tion. <^s. 

ON THE AUTHORIZED VER- 
SION of the NEW TESTA- 
MENT. Second Edition, p. 

POEMS. 7s. 6d. 

JUSTIN MARTYR and OTHER 
POEMS. Fif^h Edition. Fcap. 
Svo. 6s. 
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ARCHBISHOP TRENCH'S 

WORKS {continued)— 

GUSTAVUS ADOLPHUS. 
SOCIAL ASPECTS OF THE 
THIRTY YEARS' WAR. Fcp. 
8vo. cloth, price is. (>d, 

POEMS. Collected and Arranged 
Anew. Fcp. 8vo. *js, 6d. 

POEMS FROM EASTERN 
SOURCES, GENOVEVA, and 
other Poems. Second Edition, 
$s. 6d. 

ELEGIAC POEMS. TJiirdEdition. 
2s. 6d, 

CALDERON'S LIFE'S A 
DREAM : the Great Theatre of 
the World. With an Essay on 
his Life and Genius. 4J. 6d, 

REMAINS OF THE LATE 
MRS. RICHARD TRENCH. 
Being Selections fromherjoumals, 
Letters, and other Papers. Second 
Edition. With Portrait, 8vo. 15J. 

COMMENTARY ON THE 
EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Second 
Edition. 8j. dd. 

SACRED LATIN POETRY. 
Chiefly Lyrical. Selected and 
Arranged for Use. Second Edition. 
Corrected and Improved. Fcap. 
Svo. 7j. 

TRENCH— BRIEF NOTES 

on the GREEK of the NEW 
TESTAMENT (for English 
Readers). By the Rev. FRANCIS 
TRENCH, M.A. Crown Svo. 
cloth, 6j. 

TRENCH.— FOUR ASSIZE 

SERMONS, Preached at York 
and Leeds. By the Rev. FRANCIS 
TRENCH, M.A. Crown Svo. 
cloth, 2s, 6d. 



TREVELYA N.— T H E 
COMPETITION WALLAH. 
By G. O. TREVELYAN. Nezv 
Edition. Cr. Svo. 6s. 

TREVELYAN.— C AWN- 
PORE. By G. O. TREVEL- 
YAN. Illustrated with Plan. 
Second Edition. Crown Svo. ds. 

TUDOR.— THE DECA- 
LOGUE VIEWED AS THE 
CHRISTIAN'S LAW, with 
Special Reference to the Ques- 
tions and Wants of the Times. 
By the Rev. RICH. TUDOR, 
B.A. Crown Svo. icxr. 6d. 

TULLOCH.— The CHRIST 
OF THE GOSPELS AND THE 
CHRIST OF MODERN CRI- 
TICISM. Lectures on M. Re- 
nan's " Vie de Jesus." By 
JOHN TULLOCH, D.D. Prin- 
cipal of the College of St. Mary, 
in the University of St. Andrew. 
Extra fcap. Svo. 4f. 6d. 

TURNER— SONNETS by 
the Rev. CHARLES TENNY- 
SON TURNER. Dedicated to 
his brother, the Poet Laureate. 
Fcap. Svo. 4^. 6d. 

T Y R W H I T T.— T H E 
SCHOOLING OF LIFE. By 
R. St. JOHN TYRWHITT, 
M.A. Vicar of St. Mary Mag- 
dalen, Oxford. Fcap. Svo. 3J-. 6d. 

VACATION TOURISTS ; 

and Notes of Travel in 186 1. 
Edited by F. G ALTON, F.R.S. 
With Ten Maps illustrating the 
Routes. Svo. 14-f. 

VACATION TOURISTS ; 

and Notes of Travel in 1862 and 3. 
Edited by FRANCIS GALTON, 
F.R.S. Svo. i6s. 
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^N. — SERMONS 
lED in ST. JOHN'S 
^, LEICESTER, 

3 Years 1855 and 1856. 
ID J. VAUGHAN, 
car of St Martin's, 
Crown 8vo. 5^. 6^. 

^N. — SERMONS 

I RESURRECTION. 

Preface. By D. J. 

A.N, M. A. Fcap. 8vo. 

IAN.— THREE 

^S ON THE ATONE- 
ByD.J. VAUGHAN, 

.dd. 

lN. — SERMONS 
RIFICE AND PRO- 
riON. By D. J. 
\N, M.A. IS. 6d. 

lN.— CHRISTIAN 

CES and the BIBLE. 
TD J. VAUGHAN, 
ew Edition. Revised 
jed. Fcap. 8vo. cloth, 
d. 

lN.— WORKS BY 

lS J. VAUGHAN, 
ir of Doncaster : — 

:>R LECTURES ON 
MATION. Withsuit- 
''ers. Sixth Edition. 

S on the EPISTLE to 
[LIPPIANS. Second 
*]s. 6d. 

S on the REVELA- 

ST. JOHN. 2 vols. 

0. I5J-. Second Edi- 

NY, LENT, AND 
. A Selection of Ex- 
irmons Second Edition. 
D. ioj'6d. 



THE BOOK AND THE LIFE : 
and other Sermons Preached 
before the University of Cam- 
bridge. Second Edition. Fcap, 
8vo. 4^. 6^. 

MEMORIALS OF HARROW 
SUNDAYS. A Selection of 
Sermons preached in Harrow 
School Chapel. With a View of 
the Chapel. Fourth Edition. Cr, 
8vo. IOJ-. dd. 

ST. PAUL'S EPISTLE TO THE 
ROMANS. The Greek Text 
with English Notes. Second 
Edition. Crown 8vo. red leaves, 
5J. 

REVISION OF THE LITURGY. 
Four Discourses. With an In- 
troduction. I. Absolutism. II. 
Regeneration. III. Athana- 
siAN Creed. IV. Burial Ser- 
vice. V. Holy Orders. Second 
Edit. Cr. 8vo. red leaves, 4^. 6d^. 

LESSONS OF LIFE AND GOD- 
LINESS. A Selection of Ser- 
mons Preached in the Parish 
Church of Doncaster. Third 
Edition. Fcap. 8vo. 4f. 6^. 

WORDS from the GOSPELS. 
A Second Selection of Sermons 
Preached in the Parish Church of 
Doncaster. Second Edition. Fcap. 
8vo. 4^-. 6^. 

THE EPISTLES of ST. PAUL. 
For English Readers. Part I. 
containing the First Epistle to the 
Thessalonians. 8vo. ij-. (>d. Each 
Epistle will be published sepa- 
rately. 

THE CHURCH OF THE FIRST 
DAYS:— 

Series I. The Church of Jeru- 
salem. 
II. The Church of the 

Gentiles. 
III. The Church of the 
World. 
Fcap. 8vo. cloth, 4^. (id. each. 
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LIFE'S WORK AND GOD'S 
DISCIPLINE. Three Sermons. 
Fcap. 8vo. cloth, 2s. 6d. 

VAUGHAN.— MEMOIR of 
ROBERT A. VAUGHAN, 
Author of ** Hours with the 
Mystics." By ROB. VAUGHAN, 
D. D. Second Edition. Revised 
and enlarged. Extra fcap. Svo. ^s. 

VILLAGE SERMONS BY 

A NORTHAMPTONSHIRE 
RECTOR. With a Preface on 
the Inspiration of Holy Scripture. 
Crown Svo. 6j'. 

VIRGIL. — THE ^NEID 

Translated into English Blank 
VERSE. By JOHN MILLER. 
Crown Svo. lor. 6d. 

VOLUNTEER'S SCRAP 

BOOK. By the Author of " The 
Cambridge Scrap Book." Crown 
4to. 7-f- ^^' 

WAGNER.— MEMOIR OF 

THE REV. GEORGE WAG- 
NER, late of St. Stephen's, 
Brighton. By J. N. SIMPKIN- 
SON, M.A. Third and Cheaper 
Edition. 5j*. 

WARREN.— AN ESSAY on 
GREEK FEDERAL 
COINAGE. By the Hon. J. 
LEICESTER WARREN, M.A. 
Svo. 2J. 6d. 

WESTCOTT. — HISTORY 

of the CANON of the NEW 
TESTAMENT during the First 
Four Centuries. By BROOKE 
FOSS WESTCOTT, M.A. Cr 
Svo. New Edition. Revised. 

[In the press. 

WESTCOTT. — CHARAC- 
TERISTICS of the GOSPEL 
MIRACLES. Sermons Preached 
before the University of Cam- 
bridge. With Notes. By B. F. 
WESTCOTT, M.A. Crown Svo. 
4J-. 6d, 



WESTCOTT. —INTRO- 
DUCTION TO THE STUDY 
OF THE FOUR GOSPELS. 
By B. F. WESTCOTT, M.A. 
Crown Svo. ioj*. 6d. 

WESTCOTT.— The BIBLE 

in the CHURCH. A Popular 
Account of the Collection and 
Reception of the Holy Scriptures 
in the Christian Churches. By 
B.F. WESTCOTT, M.A. iSmo. 
4J. 6d. 

WESTMINSTER PLAYS.— 

Sive Prologi et Epilogi ad Fabu- 
las in Sti Petri Colleg : actas qui 
Exstabant collecti et justa quoad 
licuit annorum serie ordinati, 
quibus accedit Declamationum 
qui vocantur et Epigrammatum 
delectus cur. F. MURE, A.M., 
H. BULL, A.M., CAROLO 
B. SCOTT, B.D. Svo. 12s. 6d, 

WILSON.— COUNSELS OF 

AN INVALID : Letters on Re- 
ligious Subjects. By GEORGE 
WILSON, M. D. With Vig- 
nette Portrait. Fcap. Svo. 45-. 6d. 

W I L S O N.— R E L I G I O 

CHEMICI. By GEORGE WIL- 
SON, M.D. With a Vignette 
beautifully engraved after a De- 
sign by Noel Baton. Crown 
Svo. Sj. 6d. 



WILSON - 
GEORGE 
F. R. S. E. 
Technology 
Edinburgh. 
Thousand. 
los. 6d. . 



-MEMOIR OF 

WILSON, M. D. 

Regius Professor of 

in the University of 

By his Sister. Third 

Svo. with Portrait. 



WILSON. — THE FIVE 
GATEWAYS OF KNOW- 
LEDGE. By GEORGE WIL- 
SON, M.D. Neio Edit. Fcap. 
Svo. 2s. 6d. or in Paper Covers, 
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!^.— The PROGRESS 

TELEGRAPH. Fcap. 






ISr.-PREHISTORIC 

wXS of SCOTLAND. By 

£EL WILSON, LL.D. 

r of "Prehistoric Man," 

t vols, demy 8vo. New 

». With numerous Illus- 

- 36J. 



>3Nr._PREHIST0RIC 

. By DANIEL WILSON, 

New Edition, Revised 

Portly re-written, "vvith nume- 

'XUustrations. I vol. 8vo. 



OK.— A TREATISE 

13^NAMICS. By W. P. 
Son, M.A. 8vo. 9j. 6^. 

'ON.— THE NEGEB; 

* South Country" of Scrip- 
By the Rev. E. WILTON, 
Crown 8vo. 7^. 6^. 

l-FE.— ONE HUN- 

•^r) AND FIFTY ORIGI- 
- PSALM AND HYMN 
*^ES. For Four Voices. By 
C'HUR WOLFE, M.A. 

'T'E. — HYMNS FOR 
^ Lie WORSHIP. Selected 
arranged by ARTHUR 
^LFE, M.A. i8mo. 2s. Com- 
t Paper Edition, is. or twenty • 
for i/. 

^PE — HYMNS FOR 

C VATE USE.— Selected and 
ngedby ARTHUR WOLFE, 
V. i8mo. 25, 



WOODFORD.— CHRIS- 
TIAN SANCTITY. By JAMES 
RUSSELL WOODFORD, M.A. 
Fcap. 8vo. cloth. 3J. 

WOODWARD. — ESSAYS, 

THOUGHTS and REFLEC- 
TIONS, and LETTERS. By 
the Rev. HENRY WOOD- 
. WARD. Edited by his Son. 
Fifth Edition, 8vo. cloth. lOr. dd, 

W O D W A R D.— T H E 

SHUNAMITE. By the Rev. 
HENRY WOODWARD, M.A. 
. Edited by his Son, Thomas 
Woodward, M.A. Dean of 
Down. Second Edition, Crown 
8vo. doth. loj. dd, 

WOOLLEY. — LECTURES 

DELIVERED IN AUSTRA- 
LIA. By JOHN WOOLLEY, 
D.C.L. Crown 8vo. 8j". dd, 

WOOLNER. — MY BEAU- 
TIFUL LADY. By THOMAS 
WOOLNER. With a Vignette 
by Arthur Hughes. Third 
Edition, Fcap. 8vo. 5j. 

WORDS FROM THE 

POETS. Selected by the Editor 
of "Rays of Sunlight." i8mo. 
extra cloth gilt, 3J". (id, 

WORSHIP (THE) OF GOD 

AND FELLOWSHIP AMONG 
MEN — Sermons on Public Wor- 
ship. By MAURICE and Others. 
Fcap. 8vo. cloth. 3^. (>d, 

WORSLEY. — CHRISTIAN 

DRIFT OF CAMBRIDGE 
WORK. Eight Lectures. By 
T. WORSLEY, D.D. Crown. 
8vo. cloth, 6^. 
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WRIGHT.— HELLENICA ; 
or, a History of Greece in Greek, 

. 2(s related by Diodorus and Thucy- 
dides, being a FirstGreek Reading 
Book, with Explanatory Notes, 
Critical and Historical. By J, 
WRIGHT, M.A. Second Edition, 
WITH A VOCABULARY. I2mo. 
3J. 6d. 

WRIGHT. -- A VOCABU- 
LARY AND EXERCISES ON 
THE "SEVEN KINGS OF 
ROME." Fcap. 8vo. 2s. 6d, 

The Vocabulary and Exercises 
may also be had bound up with 
**The Seven Kings of Rome." 
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WRIGHT.— A HELP ' 
LATIN GRAMMAR; or, 
Form and Use of Words in La 
With Progressive Exercises. 
8vo. 4^. 6d. 

WRIGHT. — THE SEVI 
KINGS OF ROME: An E 
Narrative, abridged from the F: 
Book of Livy by the omission 
difficult passages, being a Fi 
Latin Reading Book, with Gra 
matical Notes. Fcap. 8vo. 3^ 

WRIGHT.— DAVID, KI^ 

OF ISRAEL : Readings for 1 
Young. By J. WRIGHT, M. 
With Six Illustrations. Ro 
i6mo. cloth, gilt. 3j'. 6d. 



WORKS BY THE AUTHOR OF 

"THE HEIR OF REDCLYFFE." 

THE PRINCE AND THE PAGE. A Book for the Young. 

A BOOK OF GOLDEN DEEDS. i8mo. 4J. 6d. 

HISTORY OF CHRISTIAN NAMES. Two Vols. Crown Svo. i/. 

THE HEIR OF REDCLYFFE. Fifteenth Edition. Crown Svo. 6s. 

DYNEVOR TERRACE. Third Edition, Crown Svo. 6s. 

THE DAISY CHAIN. Eighth Edition. Crown Svo. 6s. 

THE TRIAL ; More Links of the Daisy Chain. Third Edition. Cro 
Svo. 6s. 

HEARTSEASE. Ninth Edition. Crown Svo. 6s. 

HOPES AND FEARS. Third Edition, Crown Svo. 6s. 

THE YOUNG STEPMOTHER. Crown Svo. 6^-. 

THE LANCES OF LYNWOOD. iSmo. cloth, 3^. 6d. 

THE LITTLE DUKE. New Edition. iSmo. cloth, 3^. 6d. 

CLEVER WOMAN OF THE FAMILY. 2 vols. 12s. 



London: r. clay, son, and taylor, pkinters. 




ELEMENTARY SCHOOL CLASS BOOKS. 

'■^^tes of this Series of Elementary School Class Books are handsomely 

~'*«3? in a form that, it is hopcdy will assist the young student as much as clear- 

'^' type and distinctness of arran^etnent can effect. They are published at a 

"^^te price to ensure an extensive jale in the Schools of the United Kingdottt 

^ Colonies. 

CLID FOR COLLEGES AND SCHOOLS. 

TODHUNTER, M.A. F.R.S. i8mo. 3s, 6d. 

,GEBRA FOR BEGINNERS. 

L- TODHUNTER, M.A. F.R.S. x8mo 2s. 6d. 

*»* A Key to this work will shortly be published. 

t^E vSCHOOL CLASS BOOK OF ARITHMETIC. 

^i&ARNARD SMITH, M.A. Parts I. and II. i8mo. limp cloth, price ic^/. each. 
III. IS. or 3 parts in one Volume, price 3J. 

KEY TO CLASS BOOK OF ARITHMETIC. 
i8mo. cloth, price 6s. 6d. Or separately, Parts I. II. & III. 2s. 6d. each. 

N ELEMENTARY LATIN GRAMMAR. 

^^ H. J. ROBY, M.A. i8mo. 2f. 6d. 

^Cs^YTHOLOGY FOR LATIN VERSIFICATION. 

^Krief Sketch of the Fables of the Ancients, prepared to be rendered into Latin 
^»se for Schools. By F. HODGSON, B.D. New Edition. Revised by F. C. 
HODGSON, M.A. Fellow of King's College, Cambridge. i8mo. 3^. 

LATIN GRADUAL FOR BEGINNERS. 

First Latin Construing Book. By EDWARD THRING, M.A. i8mo. 2f. ed. 

SHAKESPEARE'S TEMPEST. 

le Text taken from "The Cambridge Shakespeare." With Glossarial and Explana- 
►*Tr Notes. By the Rev. J. M. JEPHSON. i8mo. cloth, is. 6d. 

XESSONS IN ELEMENTARY BOTANY. 

le Part on Systematic Botany based upon Material left in Manuscript by the late 
•«:ofessor HENSLOW. With Nearly Two Hundred Illustrations. By DANIEL 
JVER, F.R.S. F.L.S. i8mo. cloth, 49. ed. 

- AN ELEMENTARY HISTORY OF THE BOOK OF 

C::OMM0N PRAYER. By FRANCIS PROCTER, M.A. i8mo. 2s. 6d. 

- ALGEBRAICAL EXERCISES. 

^Progressively arranged by Rev. C. A. TONES, M.A. and C. H. CHEYNE, M.A. 
^N^athematical Masters in Westminster School. Pott 8vo. cloth, price 2s. 6d. 

- THE BIBLE IN THE CHURCH. 

-^V. Popular Account of the Collection and Reception of the Holy Scriptures in the 
Christian Churches. By BROOK FOSS WESTCOTf, M.A. i8mo. 4^. 6d. 

- • THE BIBLE WORD BOOK. 

-<V Glossary of Old English Bible Words. By J. EASTWOOD, M.A. and W. ALDIS 
AVRIGHT, M.A. [Nearly ready. 

^^ LESSONS IN ELEMENTARY PHYSIOLOGY. 

AVith numerous Illustrations. By T. H. HUXLEY, F.R.S. Professor of Natural 
Ilibtory in the Government School of Mines. [Nearly ready, in iSmo. 

■=!>. POPULAR ASTRONOMY. 

A Series of Lectures delivered at Ipswich. By GEORGE BIDDELL AIRY, 
Astronomer Royal. i8mo. cloth. [Iti iJie press. 

S. LESSONS ON ELEMENTARY CHEMISTRY. 

By HENRY ROSCOE, F.R S. Professor of Chemistry in Owen's College, Man- 
chester. With numerous Illustrations. 
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MACMILLAN & CO.'S SIX SHILLING SERIES OF 

POPULAR WORKS. 

Uniformly printed and bound, crown 8vo. cloth, price 6s. each. 

CAWNPORE. By G. O. Trevelyan, M.P. 

COMPETITION WALLAH. By G. o/ Trevelyan, M.P. 

WESTWARD HO ! By Chas. Kingsley. 

HYPATIA. By Chas. Kingsley. 

TWO YEARS AGO. By Chas. Kingsley. 

ARTIST AND CRAFTSMAN. 

A LADY IN HER OWN RIGHT. By Westland Marston. 

THE MOOR COTTAGE. By May Beverley. 

THE HEIR OF REDCLYFFE. 

DYNEVOR TERRACE. By the Author of " The Heir of 

Redclyife." 

HEARTSEASK By the Author of " The Heir of Redclyffe." 
HOPES AND FEARS. By the Author of "The Heir of 

Redclyffe." 

THE YOUNG STEPMOTHER. By the Author of " The 

Heir of Redclyffe." 
JANET'S HOME. 
THE DAISY CHAIN. By the Author of "The Heir of 

Redclyffe." 

THE TRIAL : More Links in the Daisy Chain. By the 
Author of "The Heir of Redclyffe." 

TOM BROWN AT OXFORD. By the Author of " Tom 

Brown's School Days." 

GEOFFRY HAMLYN. By Henry Kingsley. 
RAVENSHOE. By Henry Kingsley. 
AUSTIN ELLIOT. By Henry Kingsley. 

MACMILLAN AND CO. LONDON. 
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